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EIGENVALUE CONDITIONS FOR CONVERGENCE OF
SINGULARLY PERTURBED MATRIX EXPONENTIAL FUNCTIONS*

DANIEL COBBf

Abstract. We investigate convergence of sequences of n X m matrix exponential functions

-1
t— et fort > 0, where Ay — A, Ay is nonsingular and A is nilpotent. Specifically, we address

pointwise convergence, almost uniform convergence, and, viewing the exponential as a Schwartz
distribution, weak* convergence. We show that simple results can be obtained in terms of the
eigenvalues of A;l alone. In particular, a necessary and sufficient condition for weak™ convergence
in terms of eigenvalue behavior is attainable. We then apply our results to real-analytic matrices
A(g) as ¢ — 0F. Our work is applicable to matrices over both R and C.

Key words. singular perturbation, matrix exponential, sequential convergence, distribution
theory

AMS subject classifications. 34, 93, 40

DOI. 10.1137/09075113X

1. Introduction. The study of singularly perturbed differential equations has
been a productive area of research for several decades, with applications to diverse
fields such as control theory, fluid mechanics, and econometrics. For general back-
ground, see [1], [3], and [2]. A “singularly perturbed system” may be loosely described
as a system of differential equations with “small” parameters multiplying some of the
derivatives. For example, the seminal work of Vasil’eva [4], [5] investigates the behav-
ior of the solutions of nonlinear systems of the form

ex = f(x,u)

as e — 07, where z(t) € R™. Multiple parameter problems with ¢ € R? have also been
considered, although typically with strict assumptions on the relative convergence
rates of the parameters.

In [6], we initiated the study of linear singularly perturbed systems with a general
perturbation structure. Specifically, we considered systems of the form

(1) Erx = Frx + Gru,

where By, — E € R"™" F, - F € R Gy — G € RP*" detF = 0, and
det(sE — F) # 0. Under these assumptions, we showed in [7] that the Weierstrass
decomposition for matrix pencils may be extended to perturbation problems. (See [8,
Chapter XII] for background on pencils.) Focusing on the unforced response of (1)
and applying [7] to (1), there exist nonsingular M} — M and Nj — N that achieve
the sequential decomposition

I 0

M Ey Ny = [0 A

] , MpFpN, = [ASk O] )

0 I
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where Ag, — As and Ay, — Ay for some Ay and nilpotent Ay. Hence, a coordinate
change in (1) yields the decoupled system

(2) Ty = Agps,
Afkﬁf =If.

In the present paper, we are interested exclusively in the unforced behavior of
as k — 00, under the assumption that Ay is nonsingular for every k. Then

-1

(3) zp(t) = ek (0),

so it suffices to study the exponential function ¢ — etA7i for t > 0. More advanced
problems, such as the behavior of the forced response of (1) or the case where Ay, is
singular for infinitely many k, also depend on convergence of the exponential function.
However, we defer these issues to a later paper.

In section 2, we view the exponential as a Schwartz distribution and relate weak*
(i.e., distributional) convergence to the behavior of the eigenvalues of Agi;. We show
that a simple necessary and sufficient condition is achievable. In section 3, pointwise
and almost uniform convergence are addressed. We demonstrate that eigenvalue be-
havior is again related to exponential convergence, although a condition that is both
necessary and sufficient is not attainable. Although our development is couched in
terms of complex matrices, all results specialize to the real case.

2. Weak* convergence. In this section, we interpret the exponential function
as a Schwartz distribution. Dropping the subscript “f,” we consider nonsingular
matrix sequences Ay € C"*", where Ay — A and A is nilpotent. Our goal is to study
the behavior of e4x as k — oo relative to distributional convergence. The main
result of this section establishes the surprising fact that convergence is completely
determined by the asymptotic behavior of the eigenvalues of Ay.

Our work is based principally on the theory of distributions as outlined in [11]
and [12]. Let D be the vector space of C™° “test functions” ¢ : R — C with bounded
support. A distribution is a member of the dual space D’. In particular, any classical
function f : R — C which is integrable on bounded intervals of R may be viewed as a
distribution according to

<f,¢>=/_oo f () (t)dt.

Given two such functions f; and fa, if (f1,6) = (f2, ) for every ¢, then fi(t) =
fa(t) a.e. (Lebesgue). In particular, if f; and fo are continuous, then fi(t) = fao(t)
everywhere, so the correspondence between continuous functions and their associated
distributions is a bijection. Whether f refers to a function or its associated distribution
will be clear from context. Of singular importance is the unit impulse

(0,9) = ¢(0).
We say a sequence f € D' converges weak™ to f € D' if
(4) (frs @) = (f, )

for every ¢ € D. This definition may be extended to convergence on any open set
Y C R by requiring (4) merely for ¢ € D with supp ¢ C X.
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For any @ € C™*™, consider the map exp(Q) : [0,00) — C™*" defined by

exp(Q)(t) = e’V

Since the function exp(Q) is continuous, we may define the (matrix-valued) distribu-
tion

(e(@.0) = [ e,

0

where ¢ ranges over D. Suppose matrices (; and @y are given such that e*@1 = @2
for all ¢. By differentiation, we obtain

Q19" = Q2"

Taking the limit as t — 07 yields Q1 = Q2. This proves that the map Q — exp(Q)
is 1 — 1 for both interpretations exp(Q).
The (distributional) derivative of f € D’ is given by the formula

()=~ (18)

Hence, the pth derivative of exp(Q) is obtained through the integration by parts
calculation

(0™ (@Q).0) = (=1 (exp(Q).6")) = Q" (exp(Q), 9)

p—1
+ ()T (OQr
m=0
yielding
p—1
®) exp (Q) = Q" exp (@) + Y 6MQr L.
m=0

The (holomorphic) Fourier transform of exp(Q) is also relevant to our analysis.
Recall that the classical transform F{exp(Q)} is equal to the map s — (sI — Q).
The transform may be couched in terms of distributions as follows. (See [11, Chapter
I1] for details.) Let Z be the vector space of all entire functions ¢ : C — C such that

6 , ea\Re s|
< J—
( ) |w(5)| P1+|S|;D
for some a, by, b1,ba, ... > 0. (The constants depend on ¢.) The Fourier transform

v = [ T o (t) et

determines an isomorphism D — Z. In turn, each f € D’ has a Fourier transform F'
defined by

(7) (F,¢) = 2mi (f, ).
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This determines the transform operator F : D' — Z’. Adopting weak* topology on
Z' it can be shown that F is a homeomorphic isomorphism. Setting f = exp(Q)
in (7) and choosing any & € C such that £ > Rep; for every eigenvalue p; of @, we
obtain

§+ioco [e%s}
(8) /7‘ Y (s)(sI— Q) Hds = 2m'/0 b (t) etdt

for every ¢ € D.
Our first result characterizes the limit(s) of exp(A; ") When a limit exists.
LEMMA 1. Let —00 < a < b < 0o and assume exp(A; ') — W weak* on (a,b).
(i) Ifn=1 or 0 ¢& (a,b), then W =0 on (a,b).
(ii) If n > 1 and 0 € (a,b), then

n—1
W= — Z §P=1) 4p
p=1

on (a,b).
(i) If n > 1 and (a,b) = R, then
(9) F{W}=AGsA-1)""

Proof. From (5), taking the nth distributional derivative yields

exp(n) (Alzl) — A]:n exp (Alzl) 4 Za(P—l)Ai—n,

p=1
exp (A; 1) = A7 exp™ (A7) — Z&(pfl)Az'
p=1
Since A™ =0,
(10)  (exp(A;'),¢) = A} <exp >+Z 1) A7 67 (0)
p=1
= (-1)"Ay <eXp( ) (")>+Z 1) AP (=D (0)
p=1
0, n=1,
n—1
Z 1PAPeP=Y(0), n>1,
p=1
0, n=1,
n—1
<_ Z‘S(p_l)Apv¢> , n>1
p=1

for any ¢ € D. If 0 & (a,b), then 6 = 0 on (a,b), so (exp(A;'),$) = 0 whenever
supp ¢ C (a,b). Part (iii) of Lemma 1 follows directly from the calculation

n—1 n—1
FIW}=— ZF{5<P—1>}AP =Y = AGA-DT O
p=1 p=1
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Lemma 1 has applications to the theory of singular differential equations. (See
[10, Chapter 22], [6], [14], and [15].) It is easy to check that W from Lemma 1 satisfies
the distributional differential equation

(11) AW =W + 5A.

In fact, from [10, Chapter 22], W is the unique solution of (11) with suppW C
[0, 00). Multiplication of W by a “0~ initial condition” z(0~) yields the distribution
x = Wz(07), which solves the problem of “inconsistent” initial conditions in classical
differential equations of the form

Az = x.

The results of the present paper serve to place singular differential equations in the
context of singular perturbations. However, a detailed discussion of this topic is
beyond our scope.

For any P € C"*™ define the inverse spectrum of P as

Ul(P):{i,...,i},
Uit Tlp

where {m,...,n,} is the multiset of nonzero eigenvalues of P. Since Ay, is nonsingular,
we may write

{/\1k7 .. ,)\nk} =g ! (Ak)

with arbitrary indexing. Since A is nilpotent, Aj; — oo for every j. It follows from
(8), (9), and Lemma 1 that exp(A; ') converges weak* iff

Srtieo —1 . o . . —1
(12) /5 Y (s) Ak (sAx — I) ds—m/ﬁ Y (iy) AGlyA— 1) " dy

for every ¢ € Z, where & > max; Re Ajy.
The main results of this section will be stated in terms of the exponentially
bounded regions

Et(c) = {56C| Res < 0 or |Im s >CRCS},

where ¢ > 1. Note that co < ¢; implies Et (¢1) C ET(c2). It will prove useful to
parametrize the boundary OE™(c) with the function

iy, |yl <1,
(13) T (y) =191
Wyl ly| > 1.
Ine

We say that the eigenvalues \;, are right exponentially bounded if there exists ¢ > 1
and K < oo such that \j, € ET (¢) for k > K and all j.
For every M € N, let

1 —
Uy = E* (1+M>—D(O,M),
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where D (0, M) is the open disk with radius M, centered at 0. For every strictly
increasing sequence M = {M;} C N, define the set

V= JUwm,.
l

3

The next lemma shows that the Vi act as
exponential boundedness.
LEMMA 2. |Ag| — oo and {\} is right exponentially bounded iff for every M
there exists K < 0o such that A\, € Vpq for k > K.
Proof (necessary). Let ¢ > 1 and K; be such that A, € E* (¢) for k > K;. Since
M is monotonic, there exists M; € M such that
1

M; > ——.
! c—1

‘neighborhoods of co” relative to right

Then

1
Et {1+ —].
Ak € ( +Ml>

Choose K > K such that [Ag| > M; for k > K. Then X\, € Up;, C V.
Proof (sufficient). First, suppose {Ax} has a bounded subsequence {A,} and
choose any M with

My > sup |/\kj| .
J
Then A, & Vg for every j. Hence, [Ax] — oo. Now suppose {Ax} is not right

exponentially bounded. Then for every ¢ > 1 there exist infinitely many A; such that
A & ET(c). Set Mo =0 and k; = 1. Choose M7 > |\{| and ks > k1 such that

1
ET|{1+—).
/\k2¢ ( +Ml>

Now suppose M;_; > max{|\ M;_»} and kj > kj_; satisfies

j—1|7

1
1
/\kng ( +Mj_1>.

Let Mj > max{|)\kj |, Mj_l} and kj+1 > kj be such that

1
)\kj+1 ¢E+ (1+ﬁ)

J
By induction, there exist M, k; T oo such that [\, | < M; for I > j and
M g B (14 =
k}j Ml

for I < j. Hence, A\, & Upy, for every [, so \g; & Vg for every j. d
LEMMA 3. Let ¢ € D be such that supp¢ C [1,00), ¢(t) € R for all t, and
75 o(t)dt > 1. For every A € C, let

oa(t) = e Mop(t).
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For each M define
QMZ{¢A|/\§ZVM},
W = {f € D’| sup |(f,¢)| < 1}-
PEQ M

Then Qaq is bounded, Wy is weak™ open, and Waq Nexp (C) C exp (V).
Proof. Write A = a + ib. Leibniz’s formula yields

£ (&)

J .
<So( e
=0

[ (1)] =

¢,<j—l>H .

Let

and choose p; 1 co such that

Then
| (1+ ! ><1
n — —.
ij J

For/\géE+(1+Mlp_)andt21,We note that ¢ > 0 and
1 a
b <14+ —
we ()

|)\|2j e—Qat S |)\|2j e—Qa
= ((a2 + b2) 6_2%)
J
< <a2€2? + eQa(ln(HM;j )_%>>

< (%2 + 1)

SO

J

For A € D(0, M,,),

A7 e=20t < M2,
J
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Hence, A € V, implies

1 _
A¢Unm,, = E* <1+M—) —D(0,M,,),

pj

SO
|/\|l e < max{(ei2l2 + 1)% ’len} < max{(ezj2 + 1)% ,Mg]}
for every I < j and t > 1. Since supp ¢\) C [1,00),
H(b&””m <K; max{(e_2j2 + 1)% ,ng} .

According to [12, p. 30], Q¢ is a bounded set.
From [12, pp. 42, 56], boundedness of Q¢ implies that Wy is weak* open. If
A & Vg, then ¢y € Qpaq and

o0 o0
sup [lexp .00 2| [ ontar] = | [~ o] 21,
PEQ M —00 —00

so exp (A) € Way. Hence, exp(A) € Waq implies A € Vg, so exp(A) C exp(V). O

We are now in a position to prove that right exponential boundedness is necessary
for weak* convergence, at least in the case n = 1.

THEOREM 4. If |A\;| — 0o and exp(\;) converges weak* on R, then A is right
exponentially bounded.

Proof. From Lemma 1, exp(Ar) — 0. Choose any M. Since 0 € W, Lemma 3
guarantees there exists K < oo such that exp(A;) € exp(Vaq) for k > K. Since exp
is 1 —1, A\ € V. From Lemma 2, Ay is right exponentially bounded. 0

In order to extend Theorem 4 to arbitrary n and prove sufficiency, we need several
lemmas. Some of these will be stronger than necessary for subsequent results in this
section. However, the full versions will be essential in section 3.

LEMMA 5. Let p: (1,00) — (1,00) be given by

/ 1
=4 /1+ ——.
/L(C) 2 e

Then for everyc >1,a >0, and y € R,
(i) Vy? +a® <[n(y) +al <ple)lyl+a,
(i) | (=) )] < e (0),
(i) elBem @ < 1 4 |y|nis.
Proof. (i) For |y| > 1,
2= n?ly| ., Infyl

= +2a—= +a* +y? > y? + d’.

+
|7TC (y) + a 1n2 c 1nC

Then
2
+ 2 2 a Y 2
<a®+2- 0y + L
|7d () +a| <a®+ el + e Ty
< a®+2u(c)alyl + p* (¢) y?
2
= (u(c) lyl+a)”.
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For |y| <1,

2
|75 (y) +a|” = y* +a* < (u(c) |yl +a)”.
(ii) For |y| > 1,

SO

For |yl < 1, |(n) ()| = 1 < pu(c).
(iii) For |y| > 1,

In|y| a
Inc — |yllnc_

ea|ReTrj'(y)| — @

For [y| <1, RemS(y) =0, s0 e?!Remiwl =1, O
LEMMA 6. Let s,n € C with |s —n| > r > 0. Then

_n
$—=1n
Proof. If |n| < |s| + 7,

A

]
ls—nl = r
If |n| > |s| +r,
(Isl+7) (Inl = Is) = Is[ (In| = [s| =7) +7[nl = rnl.
Since |n| — |s| > 0,

ml s+

< < O
s =0 = |nl = |s] r

For any sets I'y,I's C C, we invoke the distance functions

5161“1},
SEFl}.

LEMMA 7. Let B{co,r)0, and 1> 0. For eachI' C C define

d(s,T') = inf{|s—51|

d (Fl, ].—‘2) = inf {d (S, ].—‘2)

P) = { (P, ) e C¥ x| |By| < B,
[ <B, d (071 (P), L) >r d (071 (P),I) > r}.
Then there exists M < oo such that
|PLsP =D = PhsPo = D)7 < M1l = Rl (1415

for every T, s €T, and (P1,P;) € P(T).
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Proof. Let
{Vlja"'aynjj}:U_l(Pj)) j:1725
N (s) = det (sPy — I) Pl adj (sP, — I) — det (sP; — I) Ptadj(sPy — I),

and write

1
At P =D det (5B — 1) (5)

ﬁl <s Ttm) ﬁl <S flf/lz> N(s).

Pl(sP,—I)""—Pi(sP,—1)"" =

From Lemma 6,
| 2n
|PLsPi -1 = PisP - D7 < ( + 1) IN (s)]].
We will show that there exists M; < oo such that
IN ()] < M [Py = Pofl (14 s
for all

(P, 2) e B={||P]| < B; j=1,2}

and all s € C. Then the result follows with M dependent on B, r, and [, but not T'.
Each entry of N has the form

2n—1

nij (8) = Z nijlsl,
=0

where the coefficients n;j; are polynomial functions in the entries of P; and P». Since
N =0 for P, = P, ngj (P1, P1) =0 for all P. Setting A = P, — P, we write

niji (Pr, P2) = ngji (P, PL — A) = Z ijim (P1) Bijim (A),

where each a;jim is a polynomial in P, and By, is a nonconstant monomial in A.
Since B is bounded, each oji, is bounded. Suppose ¢ is an entry of A that appears
in Bijim. Then we may write B;jim (A) = v (A) 0 for some polynomial function .
But v is also bounded, so by elementary arguments there exist M, ..., M5 < oo such
that for every i, j, [, and m

|Bijim (A)] < M5 |6] < My ||A[l,
Iniji (Pr, P2)| < Mz ||Afl,

Inij(s)| < Ma || A (1 n |8|2n71) |
IN(s)|| < My [|A]l (1 n |S|2n71) g

LEMMA 8. Ifc> 1,071 (P) C E* (c), and ¢ € Z, then

T v ' “lay = s)P(sP — 1) "ds
i v P@P-nTa= [ wper s

— 00
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Proof. Since ET(c) is open, o~ }(P)NAET(c) = ¢. Furthermore, c~1(P) is finite
and OE*(c) is closed, so € = d(o~*(P),0E*(c)) > 0. Setting [ = 1, ' = dET(c),
P, =P, and P, =0 in Lemma 7 yields

[P P07 < agpy (115

for some M. For x € [0, 2] and m € N, there exists M> such that

|z =+ im| < ‘ﬂ +im
Inc

< Mom,
S0
HP ((x +im) P — I)*1H < My (1+m*)
for some Ms. Setting @ = 0 in Lemma 5, part (i), there exists My such that
1P (=t w)P = D)7 < a1 1)

for every y € R. Let
1

Fly) = (78) ) (=T ) P (xd ) P=1),
Gly) = i (iy) P (iyP — 1)~
Then from Lemma 5 and (6), there exist «, bg, b1, ... such that
bp (1+|y|ﬁ) An—1
7‘]\4 1 n ,

My (14 [y

[F'(y)] < p(c)

by
G <
|G ()] 1+ |y |p

for every p. Let p > = +4n. Then F,G € L', so both integrals in (14) exist. Let

m

—m

and consider the curves

m,3(x) =z Fim, z€ {O,III;—WZ},
Y2 (y) =7l (y), |yl <m,
Ya(y) =y, |yl <m.
Since
() = w ey ) = (22 00 = malm). 7 (m) = 0),

we may combine the 4 segments into a single (counterclockwise) closed curve 7. Ap-
plying Cauchy’s theorem around v and canceling along -4, we obtain

m_/ Gly dy+/1/} P(sP—1)""ds
lnm

:/o Y(z — im)P((x —im)P — 1) 'dx

Inm

+/_mF(y)dy—/O W(@ + im)P((z + im) P — ) 'da.
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But

Inm
Inc

; Y(x £ im)P((x £im)P — 1)~ dx

o
minc 1nm

<bp— T My (14 mt
"1 (22 +m2) ( )

[SIS]

Inc

as m — oo. Hence,
i [ wtpayp -1ty = [ Gy =t 1,
:/ F(y)dy :/ Y(s)P(sP — 1)~ ds.
—00 OET (c)
LEMMA 9. Let1 <co <cy and a> 0. Then

|
Y -t (v) —al = o0

inf inf
In ¢y “

lul<y v

as y — oo.
Proof. From conjugate symmetry of 7, it suffices to prove

1
inf inf ﬁ—l—iu—wz(v)—a — 00.
0<u<y v |Inco
Consider
o ) = [ IBY iyt () ]
u,v) = |—— +iu—m, (v) —a
Y Incy a
For |v| <1,

inf inf U, V) — 00
0§u§y|v\§1fy( ,U)

as y — o0o. It remains to show that

inf inf f, (u,v) = oo.

0<u<y |v|>1
For |v| > 1,
_(Iny  In|y] 2 2
[y (u,v) = <E_ e + (u—v)".
If v < —1,

Iny Inlv|

fy(u,—v)=( a)2+(u+v)2§fy(u,v),

Ince Incy
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so we need only consider v > 1 when taking the infimum. In this case, we note that
Iy (u,-) is C* for every u, so the infimum with respect to v is achieved at either v = 1,
v = 00, Or v = vy, where

0
%(u,vo):&
But
At = (22 ) e
y(u,1) = e a U 0,

lim fy(u,v) =00 — oo,
vV—00

so the infimum is achieved at some critical point vg of fy (u, ).
Differentiation yields

Ofy 2 < Iny Inw

Y (g, v) = — _
(u; vo) volneg \lncy Ine

- —a)—Z(u—v)zO.

Suppose there exist M < oo and sequences yr — 00, uy € [0, yx], and vor < M such
that

A fy,

Y
Yk , =0
5 (ur, vor)
for every k. For
In co
y > chln 1,
we obtain
Iny In M
— > +a,

In co In ¢y

Ofy, 2 Iny, InM
Ov (g, vok) <  Mlne B

a|+2M — —o0,
Inco Incy

which is a contradiction. Hence, vg — o0 as y — oo, independent of v € [0, y].
We complete the proof by showing that

Oglrgfgyfy(u,v)%oo

as ¥, v — 00. Suppose there exist sequences yg, vy — 00 and uy € [0, y;] and M < co
such that f,, (ug,vg) < M?. Then |ux — vx| < M and

Iny, Inw Iny, In(ur+ M)
—a> — —a
Incs Ine¢ In ¢o In ¢y

1 1 1 n 1 1 Yk
=———]In n
Incs Incy Ik Incy up + M

1 1 1 Yk
> — — — )1 |
- <1n02 lncl> nyk+lncl n(yk—i—M)

which is a contradiction. O
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LEMMA 10. Let1 <co <cq andr > 1. Then
d(E* (¢1) = D(0,7),0E" (¢2)) > 0.
Proof. For each R > r, there exists a unique yr > 1 such that

In? YR 2
—— +yr = |7, (yr)|” = R%.
In“ co

Obviously, yr — oo as R — oo. Consider the decomposition
OE™ (c2) = (OE™ (c2) N D (0,R)) U (OE™ (c2) — D (0, R)) .
Since the closure of E* (¢;) — D (0,7) and OE™ (¢3) are disjoint,
f(R)=d(E" (c1) —D(0,r),0E" (c2) N D (0, R)) > 0.

But

d(E" (c1) —D(0,r)) COD(0,r) UIET (1),
so setting @ = 0 in Lemma 9 yields
g(R)=d(E" (c1) —D(0,r),0E" (c2) — D (0, R))

> min {d (0D (0,7),0E™ (c2) = D (0, R)) ,d (OE™ (c1),0E" (c2) — D (0,R)) }

= min {R —r, inf inf |7 (y) — 77, (v)‘}

Y>Yyr v
1
e (v)
as R — oo. Hence, there exists Ry such that g (Ry) > 0, from which we obtain

ncoy “

> min {R —r, inf inf inf

Y2YR |u|<y v

— 00

d(E* (c1) = D(0,7),0E" (c2)) = min{f (R1),g (R1)} > 0. a
We may now prove the main result of this section.
THEOREM 11. exp(Alzl) converges weak® on R iff the i are right exponentially
bounded.

Proof (necessary). For n = 1, Theorem 4 applies directly. Suppose n > 1 choose
any ¢ € D; and set

[e%e] n—1
_ tA " _ _1\P 4(p—1) P
N / bty at, N ;( 1)? ) (0) AP.

The eigenvalues of Ny are

I
0

Since A is nilpotent, so is N. Lemma 1 implies

n—1
(15) Ni — <— 25(”‘1>AP,¢> =N,

p=1
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so p;r — 0 for every j. Theorem 4 guarantees the existence of ¢; > 1 and K; < oo such
that \j, € E*t(¢;) for k > K;. Let ¢ = min{c¢;} and K = max{K;}. Then
Aji € ET (¢) for k > K and all j.

Proof (sufficient). It suffices to proves (12) for every ¢ € Z and some & > Re \ji.
Suppose A, € E™ (c) for large k, and let ¢; € (0,c¢) and

-1 —1

Fr(y) = (v8) ()% () (Ax (e Ak = 1) = Azl ()a—1) 7).

From Lemma 8§,
& +ioco L L
/ W(s) (Ak (sAp — 1) " — A(sA— 1)~ ) ds
1S

k—100

:/ 0(s) (An (s =7 = A(sA - D7) ds
OE+(c1)

:/wﬂ@w

— 00

From Lemma 7, there exist £, — 0 such that
HAk (sAp —1)"" — A(sA— I)*H = e (1 + |s|4"*1) .
From (6) and Lemmas 5 and 10, |Fi(y)| < exGp(y), where

ea|Re 71'3'1 ('u)l

4An—1
G,y(y) = clbi(l—kwjy )
) = My |7 )]
L+ 1y Ter dn—1 an—1
b,———— (1 " "
<menby (L4 p* eyl ™)
forp=0,1,2,.... Setting
a
p> —— +4n,
1n61

we obtain G, € L', so

/ m@@k/’wmmw<u/ Go(y)dy —0. O

The final result of this section is a simple theorem which further demonstrates
the weakness of weak* convergence.

THEOREM 12. If there exists t > 0 such that e!Ax" is bounded, then exp(A;h)
converges weak”.

Proof. For any matrix norm, there exists M; < oo such that

. . —1
eRC)\Jkt — ‘eAjkt‘ < ]\41 etAk

for every j and k. Hence, there exists My < oo such that ReA;, < My for every j
and k. Choose any ¢ > 1. Since |\ji| — 00, Ajr € ET (¢) for large k, and the result
follows from Theorem 11. O

Ezxample 13. The converse of Theorem 12 is false. Let n =1, ¢ < e, and

1
Tkt iek
Then A1y = k + ie* € E*(c), so Lemma 1 and Theorem 11 indicate exp(A, ') — 0
weak*. But [|efAr || = et — oo for every ¢ > 0.

Ap
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3. Pointwise and almost uniform convergence. The main result of this
section, Theorem 22, addresses almost uniform convergence of exp(4; '). However,
certain statements can be made concerning mere pointwise convergence. Throughout
the analysis, we maintain our assumptions that each Ay € C™*" is nonsingular, A is
nilpotent, and A — A.

LEMMA 14. If0 < a < b, |Ax| = o0, and exp (\;) converges a.e. (Lebesgue) on
(a,b), then Re \p — —c0.

Proof. Tt suffices to prove the result for b < co. Suppose e*s! — p(t) a.e. on
(a,b), and let oy, + Bk = A\g. Then there exists ¢ > 0 such that et = [eMt| — |p(t)].
Hence, either aj converges to a finite value a or ap — —oo. If ap — «, then
et = emarterut 5 e=atp(t). But |ert| = 1, so e ®!|p(t)| = 1 a.e. on (a,b). Let
0 > 0. Denoting the Lebesgue measure by m, Egorov’s theorem guarantees that there
exists Q C (a,b) such that mQ > b —a — § and ekt — e~ *p(t) uniformly on Q. Let
¢ € D with supp ¢ C (a,b), and set M = max; |¢(¢)|. Then

b
/ (eiﬂkt _ e*atp(t)) o(t)dt| < / (ei,@kt —e*atp(t)) <b(t)dt‘
‘ Q
eiBrt _ o—at
i /(a,b)—g ( p(t)) o(t)dt

IN

Akm&mﬂ%@uwmﬁ

e[ (e et o) oo ae
(a,b)—Q

<M </ ‘ew’“t —e p(t)|dt + 25)
Q
— 2M0.

Hence e+t — e=tp(t) weak* on (a,b). But Lemma 1 indicates p(t) = 0 a.e. on (a, b),
which contradicts e~ *[p(t)] =1 a.e. O

THEOREM 15. If exp(A,?l) converges pointwise on (0,ty) for some ty > 0, then
Re Ajr — —oo for every j and exp(A,Zl) — 0 pointwise on (0, 00).

Proof. Suppose et4r’ — L(t) on (0,%9). Then the eigenvalues n;(t),...,nn(t) of
L(t) may be indexed such that e*i** — n;(t) on (0,tp). Since each map t — erir!
is measurable, so is 7;. By Lemma 14, Re A\jz — —oo. Hence, n;(t) = 0 and L(t) is
nilpotent on (0, tg). For any ¢ > 0, there exists ¢ > n such that g < tg, SO

e = (i) s L =0, D

Next, we present some counterexamples to possible converses of Theorem 15.
Example 16. The converse of Theorem 15 obviously holds. However, the con-
dition Re A\jp — —oo alone is not sufficient for pointwise convergence, even for one

t>0. Let n =2, )\kz—k+iek2,
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Then Ay is nonsingular, Ay — 0, and

_ 2
et Ar T = eAnt [(1) O”i/\kt] )

For an appropriate matrix norm,

for every t > 0. It is worth noting that A\1; and Agx are right exponentially bounded,
so Theorem 11 does guarantee that exp (A,:l) converges weak™.

Example 17. A more refined example is obtained by choosing ty > 0 and substi-
tuting

-1
oA

2
’ > |ozk)\ite)‘kt| = te™ -

ek}to
AL -
Ak
in Example 16. Then
|e>\kt‘ — okt

lagAntest| = te~kt=to)

so exp(A; 1) converges uniformly on [ty + £, 00) for every e > 0, but

for t € (O,to).
Ezxample 18. By doubling the dimension, we can achieve the same properties as
in Examples 16 and 17, but with real matrices. Let

-1
oA

— 00

-~ |: Re Ak Im Ak

. 2nX2n
Ak o —ImAk RGAJ €R '

Note that Ay, may be block-diagonalized by applying the similarity

I I
r= L‘I —u]
to yield
el 2
Then
~ 1\ . |exp (A,:l) 0 1
xp (Ak ) =T [ 0 exp (A,:l)* T

so convergence of exp(g,;l) is equivalent to convergence of exp(4; ') relative to any
topological vector space of functions or distributions.

In view of Examples 16, 17, and 18, we need to assume more than Re ;i — —o0
to guarantee convergence of exp(A,?l) in any classical sense. Similar to the approach
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of section 2, many of our results will be stated in terms of the exponentially bounded
region

E~(c) = {s € (C| Res < 0 and [Ims| < cRes},

where ¢ > 1. Note that ¢z < ¢; implies E~ (¢1) D E~ (¢2). The boundary 0E~ (¢) of
E~(c) is parametrized by

_ iy, |yl <1,
16 = —7f* n ,
(16) wet) =-m ) {_wal', M50

Inc

We say that the Aj; are left exponentially bounded if for every ¢ > 1 there exists
K < oo such that Ajx € E~ (c) for k> K and all j.

We need several lemmas.

LEMMA 19. Let p be as in Lemma 5. Then for every ¢ > 1,a >0, y € R, and
t>0,

(i) vy +a® <|r(y) —al <p(c) |yl +a,

Proof. Since

[me (y) —a| = [-7*(y) —a| = |7 (y) +a
(=) @) = (=) @) = | =) ).

(i) and (ii) follow from Lemma 5, parts (i) and (ii). To prove (iii) of Lemma 19, note
that

)

3

ot
eRemo ()t _ lyl|~me,  Jy[ > 1,
1, lyl<1. O

LEMMA 20. Leta >0, p>0, tg >0, and

to
_{ef’, p >0,
cmax—
oo, p=0.

If 1 < ¢ < Cpax and P € C™*" satisfies o~ (P) C —a+ E~(c), then

dp mo. _ _
(17) #*H'=— lim VP (iyP — 1)~ dy = / PSP (sP — 1) ' ds
dtP m—oo —m —a+0E~(c)
fort >t.
Proof. We first establish the result for p = 0. Let T" be nonsingular and such that
c 0
—1 o
T PT = [0 N} ,

where C' is nonsingular and N is nilpotent. Then C™(sC — I) is strictly proper and
N"(sN —I)"t = 0, so P*(sP — I)~! is strictly proper. Furthermore, o~ 1(P) C
—a+ E~(c¢) implies the existence of M < oo such that

M
14 s

HP" (sP — I)’1H <
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for s ¢ —a+ E~(c). Hence,

o B M
[P e =7t <
M M

<
1+jz+im| 1+m

HP" (¢ £ im) P — 1)‘1H <

for all x > —l?n“él —a and m € N. Also, from Lemma 19, part (i),

M M

< .
L+|me (y) —a| = 1442 + a2

HP” (7o (y) —a) P—I)_lu <

Define

F(y.t) = (7)) (y)elme @=)p ((z-(y) —a) P—1T) "

on R x (0,00). From Lemma 19, parts (ii) and (iii),
(18) 1 (D)) < () min {1,y 7557 } ——2
L+ y? +a?
Thus F (-, t) € L! for every t > to, so the second integral in (17) exists. Let
Ip =i / eVtP" (iyP — 1)~ ' dy.
Applying Cauchy’s theorem, we obtain

0
I, = _/ e@=mitpr (z —im) P — 1) ' dx +/ F(y,t)dy

—a —m

0
+ / e@HmMtpn (x4 im) P — 1)~ d.

B

ut
O .
/ eTEMIPT (1 4 im) P — 1) da
_lnm_,

In

M 0
< / e“tdr
1 +m —11“—’"—(1

M 0
< 1—|——m emtdx
_ M
C(L+m)t
—0

as m — 00, SO
L — / F (y,t)dy = / etP™ (sP — 1) ' ds.
oo —a+0E+(c)

For p > 0, we note that

OPF
atp

(y:t) = (7o (y) —a)" F (y,1).
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Lemma 19, part (i), and (18) yield

¢ M
q —atgp - *TOC e
(19) H TR H<(u(0)|y|+a) p(e)e™ min {1,y } s

for ¢ = 1,...,p. Since lt—o > p > q, the right side of (19) is L'. From [9, Theo-
rem 10.39],

i | rwow= [~ Grwow= [~ 6w o o

— 00

= / sPe’ P (sP — 1) 'ds. 0
—a+0E—(c)
LEMMA 21. Let1 <cy <c¢q anda > 0. Then
d(E~ (c2) =D (0,R),—a+0E~ (¢1)) — o0

as R — oo.
Proof. For each R > 1 there exists a unique yr > 1 such that

In? YR

ey VR Ime (um) = B

Obviously, yg — oo as R — oo. Consider the half-plane

1
Hp = {RGS<— nyR}

In C2

and the line segments
Aly) = —ln—y—i—iul lu] <
v = In C2 yi-
We may write
E™(c2) =D (0,R) CE™ (c2) NHr = | Ay)
Y>YR
Thus Lemma 9 yields

d(E~ (c2) =D (0,R),—a+9E~ (c1)) 2 d(E~ (c2) NHg,—a+ E~ (c1))
= inf d(A(y),—a+0E" (1))

Y>YR

1
ﬂ—zu—i—w L (v)—a

inf inf inf
In C2

Y>YR |ul<y v

inf inf inf
Y>YR |ul<y v

1
h?—cz—i—zu—fr (v) —a

— 0

as R — oo. O
Now we can prove the main result of this section.
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THEOREM 22. If the \ji are left exponentially bounded, then for every M < oo,

p >0, and to > 0 there exist K < 0o such that | A;etx || < e=M* for every t > to
and k> K.

Proof. For certain Ay, the Fourier transform y — Ay, (iyA, — I)” " may not be
L'. In such cases, the Cauchy principal value may be invoked as in [10, Theorem
24.4] to yield

etAr = L lim WA (iyAr — 1) dy.

T m—oo [_

t
Let 1 < ¢y < ¢1 < €751 and B = max, {||A||}. From Lemma 21, for every a there
exists R, such that

d(E~ (c2) —D(0,Ra),—a+dE~ (c1)) > 1.
Since the Aji are left exponentially bounded, there exists K, < oo such that
o~ (Ar) CE (c2) — D (0, Ra)

for k > K,. Setting I' = —a+ 0E~ (1), l = n, P, = A, and P, = 0 in Lemma 7
yields

-0 -] )

for k > K,, where M is independent of a. Define

(PHEn=2) P ton=a=2 g =ptn,...,p+5n—2.

p+n—1\_  p+n—q—1 p+5n—2\, p+b5n—q—2 o .
w + w , ¢q=0,....,p4+n—1,
gq(w):{( ! ) ( ! )
q

Then
y +— gq (1 (c1) [y]) min {17 |y|_ﬁ}

is L! for every q and t > to, so we may define functions

Bt) = “pnen) | g Guten) by min {1,115 }

Since
__t_ __to_
|y| Incy < |y| Incy
for y # 0 and t > to, B4(t) < By (o). At this stage, we fix a > M such that

p+in—2

e ato Z By (to) a? < e Mto
q=0

and define

Fi(y,t) = m% (r2) @) (o (y) — a)" " e(Ta @)t an (r-(y) —a) A — 1) .
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From Lemma 20,

+n—1
b

—p tA! tA!
Ak pe [ — AZ 7dtp+n71 ek
1 dp+n—l mo t 1
- - : Y n - _ -
27 dtptn-l m%gnoo —m e A (iyAx = 1) dy
1

-t ATt An (s A, — 1)L ds
2miptn /a+8E_(01) *

= / Fy, (y,t) dy.
By Lemma 19 and the binomial theorem,
-« AiLB n— . —t_
HFk (yvt)H <e t?li (61) (,u (61) |y| + a)p+ ! min {17 |y| ey }

(1+ (e byl + )" )

M. B p+5n—2

—a 1 . __t

—e (e min {1yl 7T LS g, (a(er) yl) o
q=0

for t > tg and k > K,. Thus

_ -1
v

<[ IRy

— 00

p+5n—2

<e Z Bq(t)a?
q=0

p+im—2

< e~ alt=to) g—ato Z Bq (to) a?
q=0

< e~ M(t—to) ,—Mto

—Mt' E[

=€

COROLLARY 23. If the \jj, are left exponentially bounded, then exp(A;') — 0
uniformly on [tg,0) for every to > 0.

Proof. Let tg,6 > 0 and M > —%. From Theorem 22, there exist K < oo such
that
‘etAlzl ‘ <e ™Mt 5w <4

fort > tg and k > K. a

We note that Theorem 22 is considerably stronger than necessary to establish
Corollary 23. However, Theorem 22 has applications in possible sequels to this pa-
per. For example, one might examine the case where As; in (2) is singular for in-
finitely many k. Also, a forcing function w(t) might be introduced in (1), requiring
convergence of the convolution A,;l exp(A,;l) x u. Both these problems involve the
expressions A, 7 exp(A;1).

Ezxample 24. 1t is easy to see that the converse of Corollary 23 is false. Let n =1
and

1

Apm ——
FT Tk ek
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Then

—kt

-1
HetAk =e " =0

uniformly on [tg,0) for ¢y > 0, but )\ is not left exponentially bounded.

4. Analytic matrices. Our results in sections 3 and 4 will now be applied to the
case of real analytic functions A : (—d1,01) — C**". The appropriate assumptions for
this section are that A(e) is nonsingular for small € # 0 and that A(0) is nilpotent. We
are interested in the behavior of exp(A~1(g)) as ¢ — 0F. Our two main results offer
a dramatic improvement over both the weak* and sequential analyses of sections 2
and 3. In particular, pointwise and almost uniform convergence will be shown to be
equivalent and completely characterized by the eigenvalues of A.

Setting ¢ = % in Lemma 1 and Theorem 15 shows that the only possible weak*
and a.e. limits of exp(A~!(¢)) are the same as in sections 2 and 3. Further analysis
hinges on the Puiseux series. (See, e.g., [13, section 3.2].) For ¢ > 0, consider the
eigenvalues \j(¢) € o7 1(A(g)). By Puiseux’s theorem, the \;(¢) may be reindexed
for each € in some (0, d2) such that

(20) Aj(e)=¢e"Pif; (aq%‘), j=1,...,n,

where p;,q; > 0 are integers and the f; : (—d2,02) — C are (complex-valued) real
analytic functions. The concept of exponential boundedness may be adapted to the
analytic case in the obvious way: The \; are right exponentially bounded if there
exists ¢ > 1 and § > 0 such that \j(¢) € ET(c) for all j and € € (0,d). The A, are left
exponentially bounded if for every ¢ > 1 there exists § > 0 such that \;(¢) € E7(c)
for all j and € € (0,9).

LEMMA 25. (i) The A; are right exponentially bounded iff there exist M < oo
and 6 > 0 such that Re \j (¢) < M for all j and € € (0,9).

(ii) The \; are left exponentially bounded iff Re \j (£) — —oc as e — 0T for every
7.

Proof. (i) Sufficiency is obvious. For necessity, it suffices to prove the result
individually for each j, where \; has the form (20). We may alternatively write (20)
as

1

_ i 1 Mg 1
(21) Aj(e)=¢ %y, (aqi)+ia % h; (E“J‘),

where [;,m; > 0 and g; > 0 are integers, g and h are real analytic, and g; (0), h; (0) #
0. If g; (0) < 0, then Re \; (¢) < 0 for small e. If I; = 0, then

1

Re; (£) = g5 (=7 ) < 1+, (0).

It remains to examine the case where g; (0),7; > 0. Then Re A; (¢) — o0, so right
exponential boundedness implies

(22) [Tm \; ()] > feXi(®

L
for small € > 0. Taking the logarithm of (22) and multiplying by 87;‘ yields

1

(23) (B (2) sy (+5)]) > 05 (5 ) e
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But the left side of (23) tends to 0 as e — 0™, while the right side tends to g; (0)Inc >
0, yielding a contradiction. Hence, g; (0),{; > 0 cannot occur.

(ii) Necessity is obvious. For sufficiency, we note that Re\; (¢) — —oo implies
[; >0 and g; (0) < 0in (21) for every j. Then for every ¢ > 1 and small &,

et <72_jj1n <§> In| by (a)D <—g; (e ) e

i
Multiplying by af(TJJ‘ and taking the exponential yields [Im \; ()| < ¢~ Re 2i(€) 5o the
Aj are left exponentially bounded. 0

THEOREM 26. exp(A~1(g)) converges weak® as e — 0% iff there exist M < oo
and 6 > 0 such that Re \j(e) < M for all j and € € (0,0).

Proof (sufficient). Suppose exp(A~!(¢)) does not converge weak*. Then there ex-
ist e, — 0" and ¢ € D such that (exp(A~1(ex)), @) does not converge, so exp(A~1(g))
does not converge. From Theorem 11, the A;(ey) are not right exponentially bounded,
so there exist ji such that Re )\, () — oo, contradicting the hypothesis.

Proof (necessary). Suppose that for every M and § there exist j and ¢ € (0,0)
such that Re \;(¢) > M. From Lemma 25, part (i), the A; are not right exponentially
bounded. Hence, there exist e, — 07 and j, such that the Aj, () are not right
exponentially bounded. From Theorem 11, exp(A~!(ex)) does not converge weak*,
so exp(A~!(e)) does not converge weak*. O

THEOREM 27. The following are equivalent:

(i) exp(A~1(e)) converges a.e. on some (0,tg).

(ii) For every M < oo, p > 0, and to > 0 there exists 6 > 0 such that
[AP(e)etA @) < M for every t > to and & € (0,6).

(iii) Re \j(e) = —o0 as e = 0T for every j.

Proof. (1)=-(ii): Suppose there exist jg, ex — 07, and M < oo such that
Re A, (ex) > —M for all k. Then \;(ex) 4 —oo for some j. Choose any ¢y > 0. From
Theorem 15, exp(A~1(ex)) does not converge a.e. on (0,ty). Hence, exp(A~1(g)) does
not converge a.e. on (0, %), contradicting (i).

(iii)=(ii): From Lemma 25, part (ii), the A; are left exponentially bounded.
Suppose there exist M, p, and ty such that for every k < oo there exists t > tg and
er € (0, ) with

> e*Mt.

e

Then Theorem 22 indicates that the \;j(ex) are not left exponentially bounded, which
is a contradiction.
(ii)=(i): Choose any to and t € (0,t), and let p = 0. For any n > 0, set
Ini
M>—".
4

Then [[e!4 ()| < eM! <y for small £, so ¢4 ) 0. O

5. Conclusions. We have investigated convergence of sequences of matrix ex-
ponential functions in the pointwise, almost uniform, and weak* sense. We have
shown that simple results can be obtained in terms of the eigenvalues of A,;l alone.
The appropriate conditions are left and right exponential boundedness in C. Perhaps
the most striking result is a necessary and sufficient condition for sequential weak*
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convergence. In the case of real analytic A(e), we have shown that the eigenvalue con-
ditions reduce to simple bounds on Re A(¢), and that pointwise and almost uniform
convergence are equivalent.

Acknowledgment. The author wishes to thank Walter Rudin for his help in
proving Theorem 4.
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