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1 Introduction

Optimal control theory is the study of dynamic systems, where an “input function” is sought to
minimize a given “cost function”. The input and state of the system may be constrained in a variety
of ways. In most applications, a general solution is desired that establishes the optimal input as a
function of the system’s initial condition. This, in turn, leads to a “feedback” formulation of the
solution.

Let us consider a simple example.

Example 1.1 A cart with mass m = 1 is free to slide without friction in one dimension along a
horizontal surface. A force u(t) € R may be applied in the direction of motion at time t. Letting
x (t) be the position of the mass, the system is described by the differential equation

T =u. (1.1)

We wish to steer the cart from the initial state

to the final state

while minimizing the cost
J = /1 u?dt. (1.3)
It turns out that the optimal input is 0
u*(t) =6(2a+b)t —2(3a+2b), (1.4)
which leads to the corresponding solution
o* (t) = (2a + b) t* — (3a + 2b) t* + bt + a, (1.5)

of . The input u* can be implemented as feedback according to

o (mnr) - (16)
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X = U > X(t/

LV(x,t/ }J

Note that -@ are consistent, since

wt/

A(t—1)a (t) — 62" (1)
(t—1)°

*

v@wmfuygz — u* (1)

(after considerable algebra). The feedback system is depicted below.

Numerous control problems based on the same differential equation (1.1)) may be formulated by
choosing different cost functions J and constraints.

Cost Constraints Comments
1) [y w?dt z(ty)=z(t;) =0 energy optimal
2) Jo7 (@ +u?) dt — optimal regulation
3) ty z(ty)=z(t;) =0 time optimal
lu(t)] <1
2
4) tp+a*(ty)+x (ty) - “soft constraints”
+f[ff (u2 —1)*dt
5) ty z(ty) =z (t;) =0 state constraint

lu@ <1, |z <M

The methods covered in this course are “variational” in nature. This means they involve deriva-
tives on some level. Hence, we must assume all functions are “smooth”. Typically, this means that
they are either once or twice continuously differentiable. Consequently, this approach (as it is known
today) is not appropriate for problems with switching or other kind of discontinuous nonlinearity.
Such problems are theoretically difficult and lie at the frontier of control research.

The techniques we will study can be viewed as various generalizations of Lagrange multipliers.
Thus, as a warm-up to optimal control theory, we will first review Lagrange multipliers in Euclidean
space R™. Then we will advance to general vector spaces and develop the basic principles of the
calculus of variations from the viewpoint of elementary functional analysis. The final step to optimal
control is to impose a differential equation, such at , as a constraint on x and u. Many such
problems (Example and table entries 1, 2, and 4) can be solved using extended Lagrange
multiplier techniques. However, we will see that there are additional problems (table entries 3 and
5), which do not fit well into any classical framework. For these we will introduce the Pontryagin
Maximum Principle. Although the Maximum Principle maintains the flavor of Lagrange multipliers,
it goes beyond ordinary functional analytic techniques.



The study of the calculus of variations began in 1696 when Johann Bernoulli posed the “brachis-
tochrone” problem. In this problem, one wishes to find the curve connecting two given points in
space such that a mass sliding without friction under the influence of gravity will move from the
first point to the second in minimum time. Several mathematicians of the era, including Newton,
responded with solutions, leading to the further development of the subject. Problems in optimal
control did not receive attention until the 1950’s, when emerging technologies motivated the unifi-
cation of variational calculus with differential equations. A major breakthrough occurred in 1956
when the Russian mathematician Pontryagin published his “Maximum Principle”.

2 Finite-Dimensional Optimization

Reference: Bartle, Section 42

2.1 Background
2.1.1 Euclidean Spaces

Let R"™ be the set of all real n-dimensional vectors — i.e.

x1
R" = J]l,...7$n€R

Tn

Addition and scalar multiplication are carried out entrywise:

1 Y1 1+ %
: + : = : )
Ty | ary
« =
Tn Ty,
Let L
0
0
ej = | 1 | «— ithentry
0
L 0]

be the jth unit vector. For any z, we may write

n
xr = E Ti€;.
i=1



Matrices may also be considered members of Euclidean space. If M is mxn, we write M € R"™*".
Addition and scalar multiplication are carried out entrywise. Listing the columns of a matrix

M=[pm - ],
we may identify M with the vector
K1
v=| : | eR". (2.1)
fin
2.1.2 Norms
A norm on R" is any function ||-|| : R" — R such that for every z,y € R" and o € R,

1) ||z]| > 0 with equality iff x =0 (positive definite)
2) [le]| = [ef [lz]] (scaling)
3) llz+yll < ll=ll + [lyll  (triangle inequality)

Here are some common norms:

Example 2.1 1) ]|, = (X0, |a:") (1< p < o0)

2) Setting p = 1 yields ||z||, = >0 |z -

3) Setting p = 2 yields ||z|, = />, 22 = VaTz. (Euclidean norm)

4) |l o = max; ||

5) If ||-|| is any norm and T is a square, nonsingular matriz, then ||z|; = ||Tx| is also a norm.

The triangle inequality leads to other useful inequalities.

Theorem 2.1 Let x,y € R™.

1)l +yl = =]l = [lyll
2zl =Nz +yll < llyll < [l=ll + [l + ]

Proof. 1) From the triangle inequality,

[zl =1z +y) =yl < llz+yll + llyll,
SO
[zl = llyll < [l + yll-
Interchanging x and y yields
[zl = llyll = = llz + yll,
which yields
=l =1yl < lz +yll -

2) From 1),
—llz+yll < ll=ll = lyll < ll= + vl -

Solve for ||y|| on each side. m
The next example shows that two norms on R™ may be related in a simple way.



Example 2.2 1) ||z, = 1> @ieill o < 225 il lleilloe = 225 il = flall,
2) llelly = 22y | < mmax; [ = n ]

Example 2.2) may be generalized as follows.

Theorem 2.2 (Two-Norm Theorem) For any two norms ||-||, and |||, on R™, there exists M < oo
such that
lell, < M l2]],

for every x € R™.
Here are some other important inequalities.
Theorem 2.3 (Cauchy-Schwarz Inequality) For any x,y € R™,
|2 y] < llally [yl
Proof. Luenberger, Section 2.10, Theorem 1 =
Theorem 2.4 For any norm ||-||, there exists M < oo such that
|2"y| < M |[|=]| [yl
for every x,y € R".
Proof. By the two norm theorem, there exists M such that
lll, < V37 o]
for every z. From the Cauchy-Schwarz inequality,
["y| < llel lyll, < (VAT llzll) (VAT ligl) = M 12l Iyl

]
For any norm, z* € R", and R > 0 we may define the ball centered at x* with radius R to be

B(z*,R) = {x| |z —2*|| < R}.

Theorem 2.5 For any norms ||-||, and ||-||, there exists M < oo such that

By <x, %) C Bu(z,R)
for every x € R™ and R > 0.
Proof. By the two norm theorem, there exists M < oo such that
ly =zl < Mlly — =],
for every x,y € R". Hence,

ly -, < =



implies
ly —2ll, < Mly = =f, < R.

[ ]
The following fact will be useful later: For any h € R",

"+ ah € B (2", R)

iff
el |7l = lahll = I(z* + ah) = 2™[| < R.

In other words, the line x* 4+ ah intersects B (z*, R) at those points corresponding to

oc (_i i)
iy

2.1.3 Matrix Norms

A matrix M € R™*™ may be thought of as a point in the Euclidean space R™" by stacking the
columns of M to form a vector. In this way, any vector norm can be applied to matrices in R"™*".

An alternative approach is to choose any vector norm ||-|| and define the corresponding induced
norm
[M]| = max || Az|]
[l=]I=1

on R™*"™ One can show that the maximum always exists and that ||} || satisfies the three axioms
of a norm. In addition, induced matrix norms enjoy the property

[MN| < [[M|{IN]
where N is any other matrix. In particular,
[ M| < [|M]] ]

for any x € R™.



2.2 Unconstrained Optimization in R”
2.2.1 Extrema

To discuss optimization, we need some basic definitions. A cost function is any function .J : R” — R.
We say J achieves a global minimum at x* if J (x*) < J (z) for every x € R™. The vector z* is a point
of global minimum. For any norm ||-|| , we say J achieves a local minimum at x* (relative to a norm
||-]]) if there exists € > 0 such that J (2*) < J (z) for every z satisfying ||z — z*|| < . Note that this
is the same as J achieving a global minimum on the ball B (z*, ¢). We say the global minimum of .J
is strict if J (2*) < J (z) for every x € R™. A local minimum is strict if there exists € > 0 such that
J has a strict global minimum on B (z*,¢). Note that a point of strict global minimum is unique.
In the other cases (local or non-strict), z* may not be unique. Similar definitions may be stated for
maxima (global, local, and strict). In all cases, we say J achieves an extremum at z*.

Although the definition of a local minimum appears to depend on the choice of norm, we can
use the two norm theorem to prove that this is not the case.

Theorem 2.6 If J has a local extremum at x* relative to some norm, then J has a local extremum
(of the same type) relative to every norm.

Proof. We will prove the result for local minima. Other types of local extrema can be handled
similarly. Let ||-||, and ||-||, be norms, and suppose J has a local minimum relative to |||, . Then
there exists £ > 0 such that J (z*) < J (z) for z € B, (z*,¢) . By Theorem [2.5,

* 8 *
Bb<x ’M) C B, (z*,¢),

so J (z*) < J (z) for € By (z*, &) , making z* a point of local minimum relative to ||-[|,. =

2.2.2 Jacobians
Let f: R" — R™. Writing f in detail,

fl ($1, e ,I‘n)
f(x) = :
fm (5(71, Ce ,ﬂ?n)
Suppose all the partial derivatives % exist at some z* € R". Then we may define the Jacobian
matrix ’
gﬁ gﬁ
Ji w
o P
o0z OTn r=r*
One can easily check that the usual rules of calculus apply (with certain modifications):
9 N -
g (Mf) = 2 (M an n x m constant matrix) (2.2)
Ox Oz ’
9 (. r0f 799
il — =L i 2.3
ap 19 =9 5o+ 10 (2-3)

9



9 _Ofdy

e _ ) Rm N Rn
3y (9 () =57 o (9 )
Expressions — lead to the special cases
0 Ox
— (Mzx)=M—=M-1=M
o (Mz) ox ’
% (2" Mz) = (Max)" % + xT% (Mz) =" (M" + M) .

2.2.3 Critical Points
If, for some point z* € R", %l exists and equals 0, we say x* is a critical point of J. The following

T
theorem generalizes a familiar fact from calculus.

exists, then x* is a critical point of

o

Theorem 2.7 If J achieves a local extremum at x* and %

J.
Proof. Suppose J achieves a local minimum at z*. Then J (z*) < J (z) for x € B (z*,¢). Let
Ji(a) = J (2" + ae;) .
Since
"+ ae; € B(2%,¢)
for
e €
ace|—T— 7, (2.4)
( el ||€z‘||)
we obtain

Ji(0) = J(z*) < J (2" + ae;) = J; (o)

on the interval (2.4). In other words, J; achieves a local minimum at a = 0. From calculus,

oJ,  dJ; _0
Ozl da L,:o -
Since ¢ was arbitrary,
o9 T8 - #]-0
ox o * n O x* Ozn * -

The same argument works for local maxima. m
A critical point z* is called a saddle point if for every ¢ > 0 there exist z,y € B (z*,¢) such that

J(z) < J(z%) < J(y).

In other words, a saddle point is any critical point where J does not achieve a local extremum.
From the two norm theorem, saddle points do not depend on the choice of norm. For n = 1, a
saddle point is called an inflection point.

10



Example 2.3 Letn =2 and
J _ 4 2 _ (.2 N2 (2 2
(@) = [lzll; = llzll; = ('rl + $2) (xl + :102) :

Then . .
%:4<l‘%+ﬂfg—§) [ZEl ZEQ},

so the critical points are x = 0 and the points on the circle
1
2 2
T+ xy = <.
1 275

Example 2.4 Let
4 2
J(x) = 4zlly — 6 |1zl + 3l

0.J 1\?

so the critical points are the same as in Example[2.5.

Then

2.2.4 Hessians

For J : R® — R, the Jacobian g—i is a 1 X n matrix (a row vector). Suppose there exists € > 0 such
that the Jacobian % exists at every € B (z*,¢). Taking the transpose, we obtain the function
(%)T : B(z*,e) — R™ If each entry of (g—i)T is differentiable at z*, we may again take the
Jacobian. This defines the Hessian matrix

2%J L. 9%
8x2L Ozx10x
T 1|.* L
0%J 0 <8J ) v
a9 = 5.\ a2 = : :
x> O0x \0x ) L~ o 02
Orndz1| 0z2| |
z z

Here are some useful identities. Let z,y € R™ and M € R™*".
o2 o [0 T oy
s 070) = 53 (3, 070)) =55 =0

? o (0, 4 o T T

2.2.5 Definite Matrices

We say an n x n matrix P is positive semidefinite (written P > 0) if 27 Pz > 0 for every z € R®
and positive definite (P > 0) if 27 Pz > 0 for x # 0. Similarly, P is negative semidefinite (P < 0)
if 27 Pz <0 for every z € R™ and negative definite (P < 0) if 27 Pz < 0 for x # 0.

An n x n matrix Q is symmetric if Q7 = Q. For an arbitrary n x n matrix P, we may define
the symmetric matrix

(P+P")

N | —

Q=

11



and rewrite the form )
e'Pr = 3 (xTPx + (xTPa:)T> =27Qu.

Thus P > 0 iff @ > 0, etc. Typically, the Hessian ] g symmetric, since a;??é; - = %. However,
10T 4 j i

922
this is not always the case.

Example 2.5 Let

JJ%;Q , else
Then
8x1 x1=0 2 8[E2 xo=0 b
2
0°J _ 1 oJ L _1
89518962 =0 851328.%1 =0

? o -
ajlj' L:0 o 1 0 '

Shortly we will state exact conditions under which % is symmetric.
Definiteness of a symmetric matrix can be described in terms of its eigenvalues.

Theorem 2.8 Let () be a symmetric matriz.

1) The eigenvalues A of Q) are all real.

2) Q > 0 iff every eigenvalue satisfies A > 0.

3) Q > 0 iff every eigenvalue satisfies X > 0.

4) Q <0 iff every eigenvalue satisfies A < 0.

5) Q < 0 iff every eigenvalue satisfies X\ < 0.

6) Q > 0 iff every leading principal minor of Q) is positive.
7) Q > 0 iff every principal minor of Q) is nonnegative.
§)Q<0iff—Q>0

9)Q <04iff —Q >0

Proof. 1) Consider any eigenvalue A\ of ) and the corresponding eigenvector x. Then Qz =
Az and
Miz|z = ATz = 27 Qu.
Hence,
2T Qux
- 2
|3

is real.
2)-5) (Necessity) The sign of A in (2.5) is inherited from Q).
8)-9) follow from the observation

'Qr = 2" (—-Q)z.

The remaining results require more advance matrix theory. m
If @ is symmetric, Theorem [2.8 parts 2)-3) imply @ > 0 iff @ > 0 and det Q@ # 0. Similarly,
4)-5) imply Q < 0 iff @ < 0 and det @ # 0.

12



Example 2.6 Consider the symmetric matriz

4 3 1
RQ=13 31
111
The 3 leading principal minors are
my = 4,
4 3
mQ—detlB 3:|—3,
mgz = det QQ = 2,
S0
Q > 0.
Example 2.7 Let
-2 -1 -1
RQ=1|-1 -1 -1
-1 -1 -1
Q@ # 0 since
mq = —2.
Now consider
2 11
—-Q=1]111
1 11
Then
my; = 27
2 1
mgzdet{l 1}:1,
but

ms = det (—Q) = —det@Q =0,

so Q £ 0. The remaining (non-leading) principal minors are 1, 1,

2 1
detl1 1]—1,
1 1
det{ll]:(].

Hence, () < 0.

13



2.2.6 Continuity and Continuous Differentiability

Convergence x — z* in R means ||z — 2*|| — 0 for some norm. In view of the two-norm theo-
rem, convergence holds relative to a particular norm iff ||z — 2*||, — 0. But this is the same as
|z; — xf| — 0 for every i. Hence, © — z* means z; — «f for i = 1,...,n — i.e. convergence is
entrywise. A function f : R"™ — R™ is continuous at x* if © — z* implies f (z) — f(z*). If f is
continuous at every x, we say f is continuous and write f € C°. Note that every norm ||-| is a
continuous function, since xr — z* implies

izl = =" < flz = ™| = 0,
SO
[l = {1

implies continuity of f at x* by

For n = 1, the existence of %
x*

lim (f () = f (7)) = lim (2 — 27 LS E@D) o &

. = 0.
r—x* r—x* x —x* de*

Unfortunately, this fact breaks down for n > 1.

Example 2.8 Letn =2, 2* =0, and

o=1% 2l

Since f =0 on each axis,

of of of
But every point on the line xo = cxq yields
1
f (CE’) — E?

so every limit in R is achievable as © — 0. This makes f discontinuous at x = 0.

If % exists for all + € R™ and the function % : R" — R™*™ is continuous, then we say f is
continuously differentiable and write f € C*.

Theorem 2.9 If f € C!, then f € C°.

Proof. Bartle, Theorem 41.2. =

For m = 1, if the Hessian 227‘2] exists for all x € R™ and the function ‘327‘2] : R* — R™™ is

continuous, then we say .J is twice continuously differentiable and write J € C?. If J € C?, then
97 € C'. From Theorem we conclude that 22 € C°. Hence,
c?cctcc

It is worth noting that many familiar functions are in C?. For example, polynomials, sinusoids,
exponentials, and compositions of these functions all belong to C2.

Theorem 2.10 If J € C?, then 227‘27 18 symmetric for every x* € R™.
Proof. Bartle, Theorem 40.8. m

14



2.2.7 Second Derivative Conditions

Various conditions can be developed in terms of the Hessian matrix to distinguish the different
kinds of critical points. First, some necessary conditions.

Theorem 2.11 Suppose J € C?.

1) If J achieves a local minimum at * € R", then > 0.

92J
ox 92
2) If J achieves a local mazimum at x* € R", then g—JL 0.

There are also sufficient conditions.

Theorem 2.12 Suppose x* € R" is a critical point of J and that J € C*.
1) If 55 ca) > 0, then J achieves a strict local minimum at z*.

2) If 82J

< 0, then J achieves a strict local maximum at x*.

Theorems [2.11] and will be proven later in a more general context. The following examples
show that, while these results can yield useful information, they do not always resolve the critical
points completely.

Example 2.9 We revisit Ezample 2.5,
4 2
J (@) = |l=lly = [l

consists of polynomials, so J € C%. Then

aJ 1
8:5 4( —|—$§—§)[x1 xg},

2J 9 (GJ)T:{12x%+4x§—2 8122

022~ Oz \ Oz 821> 422 + 1222 — 2
The critical points are =0 and % + 23 = 1. In the first case,
8562 =0 o 0 -2 '

According to Theorem part 2), x = 0 achieves a strict local maximum. For the second case,

92J 812 +8x14/3 — x?

0als, +y/IF +8z14/3 — 3 4 — 8z3
Since x1 € [_\/Li’ \%} , the principal minors satisfy
8z1 > 0,
4 — 87 >0,

0% J
det <8a:2) =0.

Hence, % > 0. From Theorem each critical point on the circle is either a local minimum or
a saddle point.

15



Example 2.10 Working from Example

6 4 2
S () = 4llzlly = 6zl + 3=l

oJ 1\
7 2 et 1) (i) e (e a3 })
dx? 962172 (xf + 23 — %) 24 (:E% + 5z2 — %) (m% + 22— %)

The critical points are given by x = 0 and 3 + 23 = % In the first case,

>0,

o _T6 0
02 0 6

z=0

so x = 0 achieves a strict local minimum. But

-
x%+m§:% 00

Ox?

To fully resolve the critical points in Examples and [2.10, one must resort to other (sometimes
ad hoc) methods. In Example [2.9] it can be shown that the maximum at 2 = 0 is merely local and
that every point on the circle achieves a global minima. Similarly in Example [2.10, 2 = 0 achieves
a strict global minimum, while the circle consists entirely of saddle points.

provides no information.

2.3 Constrained Optimization in R"
2.3.1 Constrained Extrema

Let Q2 C R™ We say .J achieves a constrained global minimum at x* subject to Q2 if x* € ) and
J(z*) < J(z) for every x € .  is the constraint set. J achieves a constrained local minimum
at =* subject to ) if there exists € > 0 such that J (z*) < J(x) for every x € QN B (z*,¢). The
minimum is strict if J (z*) < J(x) for x = z*. Similar definitions can be stated for constrained
maxima.
For a vector
U1
v = : e R™,
Um

we write v > 0 if v; > 0 for every ¢ —i.e. v lies in the “first orthant”. Similarly, we may write v > 0,
v <0, v < 0. The constraint set €2 is often defined by an equation or inequality involving a function
g : R" — R™. For example, we may set

Q:{xER" g(:c):O},
Q:{xER" g(x)ZO},
Q:{xER” g(x)>0}.
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Theorem 2.13 If J achieves an unconstrained extremum at x* € §2, then J achieves a constrained
extremum (of the same type) at x* subject to .

Proof. Suppose J achieves a global minimum at z*. Then J(z*) < J(x) for z € R", so

J (z*) < J(x) for x € Q. For a local minimum, J (z*) < J (z) for x € B (2*,¢), so J (z*) < J (x)
for x € B (z*,¢) N Q. Other kinds of extrema are handled similarly. m

2.3.2 Open Sets

The converse to Theorem is obviously false in general. However, the converse statement does
hold for local extrema, if we impose an additional assumption on €2 : A set €2 is open if for every
x € Q there exists € > 0 such that B (z,¢) C Q. Note that, since B (x,¢) depends on the choice of
norm, the definition of an open set also appears to depend on the norm. Fortunately, the two norm
theorem dispels this fear.

Theorem 2.14 If €2 is open relative to some norm on R™, then €2 is open relative to every norm.
Proof. Suppose € is open relative to |||, and let x € Q2. Then there exists ¢ > 0 such that
B, (z,e) C Q.

For any other norm ||-||, , Theorem [2.5| guarantees that there exists M < oo such that

£
M

B, (:L’, ) C B, (z,e) C Q.
Since = was arbitrary,  is open relative to ||-[|,. =
Example 2.11 It is easy to show that B (x,€) (using any norm) and
(0, 00)™ = {v eRm|v>0}

are open Sets.
Theorem 2.15 If )y and €y are open, then so are 21 U Qs and 1 N Qs.

Proof. If x € (3 U )y, then z € ; for some 7. Since €); is open, there exists € > 0 such that

B (z,e) C Q; C Q1 UQs.
Now let x € 1 N Qy and £1,e5 > 0 be such that B (x,¢;) C Q; for each i. Then
B (x, miin5i> = B(z,e1) N B (x,e2) C Q1 N Q.

|
The inverse image of a set U C R™ under f is

FHU) = {x|f(x) € U}.
Open sets provide an alternative description of continuity.
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Theorem 2.16 g is continuous iff g~* (U) is open for every open U C R™.

It is useful to note that the definitions of continuity and continuous differentiability apply perfectly
well to functions ¢ : U — R™ for any open U.
Now we return to optimization. Compare the following result with Theorem [2.13

Theorem 2.17 If Q) C R" is open, z* € €, and J achieves a constrained local extremum at x*
subject to ), then J achieves an unconstrained local extremum (of the same type) at z*.

Proof. If J achieves a local minimum at z*, then J (z*) < J(x) for every z € QN B (z*,¢).
Since 2 and B (x*,¢) are open, so is 2 N B (z*,¢) . Hence, there exists § > 0 such that

B (z*,0) Cc QN B(z*¢)

and J (z*) < J (x) for x € B (2*,9). The other types of local extrema are handled similarly. m

It is worth noting at this point that, for a problem with an open constraint set 2, the cost
function J need only be defined on (). This is because all analytic arguments applied so far
carry over perfectly well to J : 2 — R. Although this idea may seem to be the same as merely
restricting x to €2, there actually is a generalization here: In some problems, |J (z)| — oo as  tends
to the boundary of €). In this case, J cannot be extended smoothly to all of R™.

Example 2.12 Let
1

V1—a?

and 2 = (—1,1). Note that J cannot be extended continuously outside (—1,1). The critical points
are given by

J () =

X

T (@)= =0

(1-— $2)%

or x* = 0. The Hessian is 1+ 952
J" (l‘) — +—‘T5 > 07

(1 —22?)2

so x* 1s a strict local minimum.

2.3.3 Strict Inequality Constraints
If ¢ is continuous, then Theorem guarantees that the constraint set

Q=g ((0,00)") = {w]g(x) > 0}

is open. By Theorems and , if g (z*) > 0, then J achieves a constrained local extremum
at =* subject to g (z) > 0 iff J achieves an unconstrained local extremum at z*. Hence, all previous
results involving the Jacobian and Hessian carry over to this case.

Example 2.13 As in Examples[2.3 and [2.9,
T (2) = ||zl — ll=]l5

achieves a strict local mazimum at x* = 0. If we set

g() =t +ah— 5,
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then g (x*) > 0, so J achieves a strict constrained local mazimum at z* = 0 subject to g (x) > 0.

However, setting
(@) ( 1 )2+ , 1
r)=|xr1— —= Ty — =
1

places * & Q, since g (0) = 0. The other critical points of J lie on the circle with radius oL

in which case g(x) < 0. Hence, J has no critical points satisfying g (x) > 0 and, therefore, no
constrained extrema.

2.3.4 Equality Constraints and Lagrange Multipliers

Equality constraints of the form ¢ (z) = 0 may be handled using the technique of “Lagrange
multipliers”. For given J and g, define the Lagrangian

L:R"xRxR" —R,

according to
L (@, \) = pJ () = ATg ().

The central idea is that, for z in the constraint set

Q:{az|g(1’):0},

we obtain

Lz, 1,\)=J(z). (2.6)

The amazing fact is that much can be learned about the constrained behavior of J by studying the
unconstrained behavior of L. Furthermore, the Lagrangian idea can be generalized enormously,
making it applicable to problems in the calculus of variations and optimal control.

We begin by establishing the main necessary condition for a constrained extremum z*. We say
a vector z* € ) is regular if % has rank m.

| *

Theorem 2.18 If z* € () is reqular, then there exists € > 0 such that g (B (z*,¢€)) is open.
Proof. Bartle, Theorem 41.7. m

Theorem 2.19 (Lagrange Multipliers) Let J,g € C1. If J achieves a constrained local extremum
at z* € R™ subject to g (x) = 0, then there exist u € R and X\ € R™, not both zero, such that

oL

= —0. (2.7)

(x*,1,)

If x* is reqular, then we may set u = 1.

Proof. Let

Then f € C! and



If x* is a regular point of f, then Theorem states that f (B (z*,¢)) is open. Since

f(@*) € f(B(z"9),
there exists > 0 such that
B(f(x*),0) C f(B(a",¢)).
But

[ J(IBM] = /(@) +aer € B(f (2),0)

o e (_ § 0 )
lexll™ fleall )

so there exist x,y € B (z*,¢) such that

for

J(z) < J(x%) < J(y).

This contradicts the assumption that J achieves a constrained local extremum at x*. Hence, x* is

not a regular point of f, so 2| has linearly dependent rows. Thus there exist 1 and A, not both

ox

T
zero, such that

8J

oL T AT ke | =0 (2.8)
o =K ag” | =Y. .
0x |z pu,n) a—iw*

If 2* is a regular point of ¢, then 22| has linearly independent rows. If 4 = 0, then A # 0 and
x|

24

dg
M= =0
8x|l* ’
which is a contradiction. Hence, 1 # 0. Dividing (2.8) by p and redefining i and A yields a solution
withp=1. m
If z* is regular, it is common practice to write L (z*, \), rather than L (z*, 1, A). If 2* is not
regular, then the rows of %L are linearly dependent. Hence, 1) may be solved by setting p = 0

and choosing any A # 0 such that

)
ATa—ZL* — 0.

This merely determines a line on which A must reside, yielding no information about z*. In contrast,
regularity of x* forces a relationship between J and g :

g—iL* = AT%L*. (2.9)

Combining (2.9) with g (z*) = 0 yields n + m equations in n + m variables. We conclude that
Lagrange multipliers provide useful information if and only if z* is regular. We say a
vector z* € Q is a critical point of L if x* is regular and (2.9) holds for some A € R™.
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Example 2.14 Letn =2, m =1,

J(z) = x4,
g(z) =2 + 23 — 1.
Then 5
a—i:[Qxl QI‘Q}#O

for points on the circle g (x) = 0. Hence, every point in the constraint set is reqular. Equation (@
becomes

Since A = 0 leads to a contradiction, we must have xo = 0. Then the constraint forces r; = +1,
which implies A = j:%.

Example 2.15 Let
J(z) = af + 3,
g (x) = x129.

Then
dg

=

so every point is reqular, except x = 0. For the reqular points,

[£U2 1131],

[2.%1 21’2]:)\[.’13‘2 l’l},

and the constraint g (x) = 0 implies either x1 = 0 or xy = 0 (but not both). In the former case,
2x9 = 0, which is a contradiction. In the latter case, 2x1 = 0, which is a also contradiction. The
analysis rules out constrained extrema, except at v = 0.

2.3.5 Second Derivative Conditions

Theorem 2.20 Let x* be reqular with g (z*) = 0. If L (-, \) achieves an unconstrained local ez-
tremum at x* for some A\ € R™, then J achieves a constrained local extremum (of the same type)
at x* subject to g (x) = 0.

Proof. By Theorem [2.13] L also achieves a constrained local extremum of the same type at z*
subject to g (z) = 0. As we noted in (2.6), L (x, ) = J (z), so J inherits the constrained extremum
from L. m

If J,g € C% Theorem allows us to apply the sufficient conditions from Theorem to
L (-, \) by taking the second derivative

O’L  9J \T d%g

0x2  Oa? D

Since constrained local extrema of J can only occur at critical points, it makes sense to find these
first, along with the corresponding A, and test each L (-, \) at each z*. Other values of z* and \ are

ruled out by Theorems and
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Example 2.16 Working from Example we examine the critical points

o +1
10
and corresponding Lagrange multipliers A = £1. This yields

L(z,\)=x1F (2] +25—1)

oL
%2[1432131 :F2$2}>

L [F2 0
ox2 | 0 F2|°

In the first case, J achieves a strict constrained local maximum at x*, while the second case yields

a minimum.

Unfortunately, the converse of Theorem [2.20] is not true: Even if J achieves a constrained
extremum at x*, * may be a saddle point of L (-, \).

Example 2.17 Letn =2, m =1,

J (x) = a1,
g(x)=a+ 22 -1
Since 5
8—z=2[x1 2 ],

every x € ) is reqular. The Lagrangian
L(z,A)=a} —X(2] + 25— 1)
has Jacobian

oL

% = [ 3x% — 2 \x1 —2AT9 } ,

0
gj_{ﬂ:l}’ A=0,

x:[ill, Azii

so the critical points are

0 2

Examination of J reveals that it achieves a strict global maximum at

But the Hessian of

at x* 1s

O’L _[3 01

By Theorem x* 1s a saddle point of L (x, %) , not a marimum.
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In view of Example 2.17, we conclude that applying the second derivative necessary conditions
of Theorem to L may lead to incorrect results. The following table summarizes the cases where
the second derivative necessary (Theorem [2.11)) and sufficient (Theorem [2.12)) conditions may be
applied.

Applicability of Second Derivative Conditions

Unconstrained | Constrained
Necessary Yes No
Sufficient Yes Yes

2.3.6 Non-Strict Inequality Constraints

The third kind of constraint we will examine is the non-strict inequality:

Q:{JUER” g(x)EO}.
Writing
91
g=1 : |-
9m

we note that for each x € ) the functions ¢g; may evaluate to 0 or a positive number. One way
to handle such problems is to decompose €2 into several pieces. To do so, consider all partitions of
{1,...,m}. That is, choose any subset

T CAl,....,m}

and let
my ={1,...,m} —m.

From combinatorics, there are 2™ possible ways in which this can be done. For each partition, let

9iy
gr = Gis 5 t1,%9,... €T,
9 |
Gy = 9ia ) .j17j27"' € my,
Q, = {xER” gr () :0},
Qr, = {x e R"| gr, (z) > 0}.
Then €2 may be written as the disjoint union
Q=J(@n0,). (2.10)

Compare the next result to Theorem [2.17]
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Theorem 2.21 If g is continuous, x* € Q0 N, , and J achieves a constrained local extremum at

x* subject to Q, then J achieves a constrained local extremum (of the same type) at x* subject to
Q.

Proof. We will prove the result for non-strict local minima. The other types of local extrema
are handled similarly. Suppose J (z*) < J (z) for every z € Q2N B (z*,¢) . Since g is continuous, so
is g, and

Qr, = g5, ([0,00)")

is open. Hence, .. N B (z*,¢) is open, so there exists § > 0 such that
B(z*,6) C Qr, N B (z,¢).

Consequently,
Q.NB (") CQ:NQ, NB(z*e) CQNB(z%¢),

so J (z*) < J(x) for
r € Q. NB(z")9).

Theorem tells us that we can apply Lagrange multipliers in a piecemeal fashion by letting
7 range over all partitions. Setting

L (z,)) = J(z) — A gy,
we say x* € () is a critical point of L if x* is a critical point of L.

Theorem 2.22 (Kuhn-Tucker Theorem) Let J,g € C*. If 2* € Q, and J achieves a constrained
local extremum at x* subject to g (x) > 0, then x* is a critical point of L. If the extremum is a
constrained local minimum (maximum) at z*, then A >0 (A <0).

Proof. Apply Theorem [2.21| and Lagrange multipliers. The sign of A\ is proven in Bartle,
Corollary 42.13. =

In this setting, z* € Q, N, is regular if %L; has rank 7. As before, regularity allows us to

set 1 = 1. For non-strict inequality constraints, A f)lays the same role as the Hessian in that its sign
provides a necessary condition that distinguishes between minima and maxima. For regular points,
the critical point equation reduces to

0J = )\T%

% o * al’
A sufficient condition may also be stated. Compare Theorem and Theorem

| *

Theorem 2.23 Let x* € Q) be regular.

1) If L. (-, \) achieves an unconstrained local minimum at x* for some X\ > 0, then J achieves a
constrained local minimum (of the same type) at x* subject to g (x) > 0.

2) If L, (-, \) achieves an unconstrained local maximum at x* for some A\ < 0, then J achieves a
constrained local minimum (of the same type) at x* subject to g (z) > 0.
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Proof. 1) By Theorem [2.13] L also achieves a constrained local extremum of the same type at
x* subject to g (x) > 0. For all z € ,

T) = Z Aigxi (2) >0

Hence, there exists € > 0 such that, for any x € QN B (z*,¢),

J(2*) = Ly (2%, A) + Mg (z%)
= L, (", A
< Lr(x,A)
< Ly (2,0) + A g (2)
=J(2).

2) Similar to 1). =

Combining the last three results, we may approach problems with non-strict inequality con-
straints as follows. 1) Decompose © as in ([2.10]). 2) Apply the Kuhn-Tucker theorem to find critical
points z* and corresponding values of A. 3) Based on A and the Hessian for each z*, apply Theorem
2.23|in an attempt to prove that J achieves a minimum or maximum at x*.

Example 2.18 Let n = 2,
J(x) = 2x1 — x9,
2
I Rt e o 2!
g(z) = [ xl—xg }
Case I: m = ¢
In this case, the constraint is g (z*) > 0 determines an open set, so we simply apply

01 _

which yields no critical point.

Case II: 7 = {1}

The equality constraint is
g (x) = _x? + T,
09
vl

so every point 1s reqular. We need to solve

-2z 1],

[2 —1]=A[ -2z 1],

—25 4+ 29 = 0.
This leads to
1 = T = 1.

But then
Ty — 1’% =0,
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which violates g, (x) > 0. Again, this case yields no critical point.

Case III: m = {2}
gr (1) = 2, — 22
Ogx
— =11 —2z
o [ 2 }
Every point is reqular.
[2 —1]=A[1 —22, ]
T —25=0
1 1
160 T
There is one critical point, which satisfies the necessary condition for a constrained local minimum.
The Hessian is

r1 =

0*L. 0
a:cL? :%([2 ~1]-2[1 —21:2}):[8 ﬂ,

which yields no information.

Case IV: 7 ={1,2}
In this case, g = g. Solving g (x) = 0 leads to only two solutions:

=l b

% . —233'1 1
ox N 1 —2[1,’2

18 nonsingular in both cases, so both points are reqular. For the first point, solving

e[ L

The Jacobian

yields ) )
= -1

so x* is a saddle. The second point yields

__1_
)\—_ 0 |

so x* satisfies the necessary condition for a constrained local maximum. The Hessian is

(e -0 [ )-8

which yields no information.
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2.3.7 Mixed Constraints
More generally, an optimization problem can have a combination of equality, non-strict inequality,
and strict inequality constraints:

O={zeR" g (2)=0, 0:()20, g)>0}.

It should be transparent at this point, that such problems can be handled by decomposing the set
{g2 > 0} into pieces and applying Lagrange multipliers to each {g; = g2, = 0} . Then the Lagrangian
is

L(z, M0, 0) = J (2) = Al g1 (x) = AJ gar () .

The Hessian of [ gg ! } along with sign of Ay correlate with the type of extremum. J need only be
2

defined on the open set {g3 > 0} .

3 Calculus of Variations

References: Luenberger, Chapter 7; Gelfand and Fomin, Chapters 1-3

3.1 Background
3.1.1 Vector Spaces

A real linear space or vector space is a set X along with two operations + (vector addition) and -
(scalar multiplication) such that, for any z,y,z € X and «, 5 € R,

Furthermore, there must exist a vector 0 € X such that, for any = € X,

70 2=0
8§ 0+zx =z

A vector space X that is not R" for some n is said to be infinite dimensional. This is because
no basis for X contains finitely many vectors.

Example 3.1 The following constructions are easily shown to be vector spaces by checking the 8

axioms.
1) R™ form=1,2,3,...
2) X ={x:1]0,1] — R} using pointwise operations

(@ +y)(t) =z () +y(t),

(az) (t) = ax ().
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3) X = {x :[0,1] = R | x € C’O} using pointwise operations.

4) X = {:L’ :[0,1] = R | x € Ck} using pointwise operations. (C* means k times continuously
differentiable.)

5) X = {x :[0,1] = R | Jo 2P (t)dt < oo} using pointwise operations. Such functions are said to
belong to L?.

6) X = {x :[0,1] = R | 7z (@) dt < oo} using pointwise operations. Such functions are said

to belong to LP.
7) Replace [0, 1] in 2)-7) by any interval (finite or infinite) in R.
8) Replace R in 2)-7) by R™. In 6) and 7) the integrals become

/ e ()12t < oo,

o0

/ o (&) dt < oo.

o0

9) For any vector spaces X and'Y, consider the Cartesian product
XXY:{(:c,y) |x€X, er}.
Then X XY is a vector space using the operations
(T1,91) + (22, 92) = (21 + T2, 41 + 2)

a(z,y) = (az,ay) .

The zero vector is 0 = (0,0) . An important special case is
X?=XxX.

Cases 2)-8) are examples of function spaces.

3.1.2 Norms

Norms on an arbitrary vector space X are formally defined as for R" :

1) ||z|| > 0 with equality iff x =0 (positive definite)
2) ||| = |l [[z]] - (scaling)
3) lle+yll <|lz]| +ly|| (triangle inequality)

Certain norms make use of the following fact.

Theorem 3.1 If z : [0,1] — R is continuous, then there exist t1,to € [0,1] such that z (t;) <
x (t) < x(tg) for everyt € [0,1]. In other words, x achieves a maximum and minimum.

Proof. Bartle, Theorem 22.6. =
We say a function z is bounded if there exists M < oo such that |z (t)] < M for every t. It
follows from Theorem [3.1] that a continuous function defined on [0, 1] must be bounded.
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Example 3.2 Here are some examples of common norms. In each case, we assume z : [0,1] — R.

1) CO
Il = max |z (¢)]-
2) C!
lallen = macx lo (8)] + max |z (1)].
3) C*
) k
el = l[glggg\fc (1)]-
4) L2
1
foll, =1 [ o
0
5) LP

1
1 D
uﬂu—(/’mwﬁ>
0

The definition of convergence in X carries over from R”. The notation z — z* means ||z — z*|| —
0. Unfortunately, the two norm theorem does not hold for infinite-dimensional spaces.

Example 3.3 Let X = continuous functions x : [0,1] — R, and consider the two norms

] = gz o (0]

1
lally =/ [ a2t
0

The functions x, (t) = e~™ have norms

20| oo

1_ 2n
|2, = V e%%t \

[0l oo < M [|22n]]

as n — oo. If

for some M < oo, then
[0l o

[n ]

M >

which s a contradiction.
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3.1.3 Functionals

A functional on X is any function f : X — R. Normally, X will be a function space, so a functional
is a “function of functions”. A functional is linear if

1) f(ax) =af (r) (homogeneous)
2) flz+y)=[f(x)+ f(y) (additive)

for every z,y € X and o € R. Note that any homogeneous function satisfies
fQ0)=f(0-2)=0-f(z)=0.

A functional K : X? — R is bilinear if it is linear in each argument (with the other fixed). Finally,
a functional f : X — R is quadratic if there exists a bilinear functional K such that

f(x) = K (z,2)
for every x € X. Note that any quadratic functional satisfies
f(ax) = K (az,ar) = aK (r,a2) = *K (2,2) = o*f (z),

f(0)=f(0-2)=0"f(x) =0.

As in R", we say a functional f is continuous if x — x* implies f (z) — f(z*).

Theorem 3.2 Let f be a functional on X = R".

1) f is linear iff there exists v € R"™ such that f (x) = vlz for every x € X.

2) [ is quadratic iff there exists P € R™" such that f () = 2T Pz for every x € X.
3) If f is linear or quadratic, then it is continuous.

Proof. 1) Suppose f is linear, and let

Then
vir = szf (e;))=f <Z xiei> = f(x).
i=1 i=1
Conversely, if f () = vTz, then
f(az) =v" (az) = a (v'z) = of (z),

flaty)=v (@+y)=vie+vy=f(2)+f(y).
2) Now suppose f is quadratic. Then f (z) = K (z,x) for some bilinear K. Setting

K (e1,e1) -+ Kle,en)
P = : :
K (en,e1) -+ K(en, en)
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we obtain

Conversely, if f () = 2T Pz, set K (z,y) = 2T Py. Then
K (az,y) = (ax)" Py = a (¢"Py) = aK (z,y),

K@E+yz2)=(@+y) Pz=a"Pz+y"Pz=K(z,2)+ K (y,2),

so K is linear in its first argument. By a similar calculation, K is linear in its second argument,
making K bilinear. Since f (z) = K (z,x), f is quadratic.
3) From Theorem x — x* implies

[v" (@ —2")| < M o]l |z — 2*] — 0,

‘(x — )" P (x—a¥)

<Mz =[P (& — 27)]
< M| Pz - 2"

— 0

(using an appropriate matrix norm). Hence, both functionals are continuous at every z* € X. m
Unfortunately, linear and quadratic functions on infinite-dimensional spaces X may not be
continuous.

Example 3.4 1) Let X = C* functions x : [0,1] — R, ||z|| = ||z||., and f (x) = 2 (0). Then

flar) = ()] =ai(0) = af (),
[ty =5 asn)] =50 +50) = @) +1 @),
so f is linear. Consider
ze () = esing

and note that



as € — 0%, But
r. (t) = cos !
x = -,
‘ €

f(xs):llis((]):l#ozf(())'
Hence, [ is discontinuous at x = 0.

.2
2) Under the conditions of 1), let f (x) = x (0). By similar arguments, f is discontinuous at z = 0.
For linear functionals, it suffices to check continuity at any one point (e.g. x = 0).

Theorem 3.3 If f is a linear functional on a normed linear space X and f is continuous at some
x* € X, then f is continuous on X.

Proof. Suppose f is linear and continuous at z*. Let y* € X, y — y*, and
z=y—y +a*
Then
Iz =™l = [ly ="l =0,

so z — z*. Hence,

FW—rw)=rly—y)=rfz—a")=f(2) - f(z") =0,

so f is continuous at y*. Since y* was arbitrary, f is continuous on X. m

3.2 Unconstrained Optimization in X

3.2.1 Extrema

The definitions of the various kinds of extrema carry over verbatim to infinite-dimensional spaces.
A typical optimization problem on X is the same as for R” — i.e. to find the extrema of J on X
subject to some constraints. We will see that the many of the methods we have already encountered
(Lagrangians, Jacobians, Hessians, etc.) all generalize to functionals on normed linear spaces.

Unfortunately, not all results that hold in R™ carry over to infinite-dimensional spaces. One
such result is the two norm theorem. Example |3.3| can be extended to show that the set of local
extrema may depend on the choice of norm.

Example 3.5 Let
2

J(2) = ||z
and z* = 0. For x € By, (2*,1) with z # 0,

el <1,
2
[2]l5 < ll7llo -

J(z*)=0<J(z),

so J achieves a strict local minimum at x* relative to ||-|| . As in Ezample let x, (t) = e ™.
Then
[l — O
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as n — 0o, S0
2.73” c B2 ($*75>

for any € > 0 and sufficiently large n. But
J(xn) = |22 — ||2xn||c2>O —92_4—=_9

for all n, so
J(z*) > J(2x,),

contradicting the definition of a local minimum. In fact, x* is not a local extremum of any type
relative to ||-||,, since the constant functions + — 0, but

J(1>=l_i>J<x*>.

n n  n2

On the other hand, if J achieves a global extremum at z*, then J restricted to any ball B (z*¢)
achieves a global extremum at z*, regardless of the choice of norm. Hence, every global extremum is
local relative to every norm. The choice of norm is not relevant when searching for global extrema.

3.2.2 Differentiation of Functionals

Let ||-|| be any norm on X. A functional J is Gateaux differentiable at x € X if there exists a
functional 6.J () : X — R such that

J (x4 ah) — J(z)

—0J (z)h

as a — 0 for every h € X. The functional §J (z) is the Gateaur derivative of J at x. (6J () is also
called the first variation of J.) Note that the Gateaux derivative is the same as the first directional
derivative

d
0J (z)h = %J(J:—f—ozh)l

A functional J is Frechet differentiable at x € X (relative to ||-||) if there exists a continuous linear
functional J' (z) : X — R such that

=0

J(@x+h)—J(x)—J(x)h
7]

— 0

as h — 0. The functional J’ (z) is the Frechet derivative of J at x. Note that linearity and continuity
are not part of the definition of §.J () as they are with J' (x) . Indeed, the next example demonstrates
that 6.J (x) may not have either property.

Example 3.6 Let X = R? 2* =0, and

Then J (z*) =0 and

h3
TR e



For hy =0,

. =0=J(h)
For hy # 0,
J(x* +ah)— J(z*) h?
- T J (h)
Hence,
d0J(0)h = J(h)
But

s0 0J (0) is not linear. Also,

TR

as a — 0, so §J (0) is not continuous.

All Gateaux derivatives do share part of the definition of linearity.
Theorem 3.4 If 6.J (x) exists, then it is homogeneous.

Proof. If o =0,

. J(z 4B (ah)) = J(2)
0J (z) (ah) = éli% 5 lim 5

For o # 0,

5J(w)(oah)=gigé‘]<“5<ofﬁh>)—J<I> :amJ@mi?—Jm

= adJ (z) h.

|
The advantage of Gateaux derivatives is that they are easy to calculate. The following fact
provides a convenient method of finding Frechet derivatives.

Theorem 3.5 If J' (x) exists, then so does 6.J (x), and the two functionals coincide.

Proof. Choose any h € X. If h = 0, then
J(z+ah)—J(x)

«

=0=J(x)h.

For h # 0, note that ah — 0 as @ — 0T, so

J(z+ah)—J(z) = J () (ah)
el

Multiplication by ||A|| yields

J(z+ ah) —J(x)

—J' (x)h — 0,
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|
In particular, Theorem implies that, whenever it exists, the Frechet derivative is unique.
Note that the definition of §.J () does not depend on the choice of norm. Hence, all norms under
which the Frechet derivative exists yield the same functional J'(z) = §J (z). If the directional
derivative is not continuous and linear, Theorem [3.5]implies that J’ () does not exist for any norm.

Compare the following result to Theorem [2.9]
Theorem 3.6 If f is Frechet differentiable at x € X, then f is continuous at x.

Proof. Frechet differentiability implies

(x+h)—fx) = f(@)h
17l

—0

Flath)—f@) = f @ h=h

as h — 0. Since [’ (z) is continuous, ' (z)h — 0,s0 f(z+h) — f(z). =
Let us look at some simple, but common, special cases.

Theorem 3.7 If f is constant, then it is Frechet differentiable with §f (x) =0 for every x € X.

Proof. The result follows from the simple observation

flz+h) - f(z)

= 0.
7]

Theorem 3.8 Suppose f is linear.
1)6f (x) = f for every x € X.
2) If f is continuous, then it is Frechet differentiable for every x € X.

Proof. 1)
f($+O<Z)—f(I) _ f(f)+afofh)—f(x) — )
as a — 0.
2)
flath) —fl@)—f(h) _fl)+f(h) - fl)-Ff(h) _,
il I17] ’

Theorem 3.9 If f is quadratic and continuous, then there exists M < oo such that |f (x)] < M
for every x € B(0,1).

Proof. Since f is continuous, f~' (B (0,1)) is open. Hence, there exists ¢ > 0 such that
|f (x)] <1 for every z € B(0,¢). Set

1
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For x =0,

[f (@) =0<M
For z € B(0,1) — {0}, let
£
y=-—ux
]
Then ||y|| = ¢, so
[Ed& [Ed&

Theorem 3.10 Suppose f is quadratic, K is bilinear, and f (z) = K (z,x).
1)6f(x)h =K (x,h) + K (h,x) for every x € X.
2) If K is continuous (on X?), then f is Frechet differentiable.

Proof. 1) The Gateaux derivative is the limit

fx+ah)—f(z) K(x+ahz+ah)—K(z,2)
’ aK (x,h) —l—oJC(Y' (h,z) + oK (h, h)

= K (z,h) + K (h,z) + oK (h,h)
— K (x,h) + K (h,x)

as a — 0.
2) §f (x) is obviously linear. If K is continuous, then df (z) is continuous for every x. From

Theorem [3.9]
fx+h)—f(x)=0f(z)h _ K(xz+hz+h)— K(x,x)— (K (z,h) + K (h,z))
|2l Al
K (b, h)
|2l

h h
AMK(—T—)
Tl Tl

~1ni £ (737)

< [|hlf M

— 0

ash—0,s0 f' (z)=0f(z). =
Theorem 3.11 Differentiation is invariant under linear combinations.

Proof. Let f and g be differentiable in any sense and consider ¢ = af + bg, where a,b € R. For
the first Gateaux derivative,

oletah)—¢(z)  flatah)—[f() ,

g(x+ 0”;) —g(@) | adf (z) h + bdg (z) h.
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For the first Frechet derivative,

¢(x+h)—¢(x)—(adf () h + bdg (x)h)
Il
:af(:c+h)—f(rc)—5f(x)h+bg(a:+h)—g(x)—5g(x)h
Il A

— 0.

For the second Gateaux derivative,

¢(x+ah)—¢(x) — (adf (x) h+bdg (z) h)
_ Jrtoh)— f(@)—adf () g+ ah)—g(x) — adg ()

— ad*f (z) h + b6%g (x) h.

For the second Frechet derivative,

d(x+h)—¢(x)— (adf () h+bdg(x)h) —%(aézf(x)h+b529(x)h)
[

flz+h)—f(z) —5f(fﬁ)h—%52f(l‘)h+

1h]? [

= a

— 0.

In view of Theorem [3.11] any sum of a constant, linear, and quadratic functional can be handled
similarly.

3.2.3 The Case X =R"

Let us examine how our new definitions of the derivative relate to X = R".

Theorem 3.12 If X =R" and 6.J (z*) exists, then 32| exists.

%

Proof. By definition,

oJ d

axiL* = @J(:E* + ozei)l

=0

for every 1, so g—i exists. m
x*

* 8
Unfortunately, 6. (z*) and a_i

may not coincide in the sense that
a:*

aJ
O0J (x*)h # —| h
@) h# 5
for certain h. One such functional is given in Example [3.6] where

oJ

. =0 07O =1J#0.

%

For finite-dimensional optimization, these issues are resolved when .J € C*.
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Theorem 3.13 Let X =R". If J € C', then J' (z) emists for every x € X and

_aJ

J(x)hzéJ(x)h—%

h

o

for every h € R™.

Proof. Bartle, Theorem 39.9 and Corollary 39.7. m

3.2.4 Differentiation Examples

Let us examine some typical derivative calculations.

Example 3.7 Let X = C' functions z : [0,1] — R and

J(z) = /01 (+2 +5c2) dt.

Then

0J () h = iJ(x+04h)|

dOd =0

d 1 2 . -\ 2
= — h h dt
da J, (x + ah) +<x+a) |a:0
1 d 9 ) N\ 2
= — h h dt
/0 do (z+ah) +<x—|—a) |a:0
1 N
= 2/ (mh + xh) dt.
0
Example 3.8 Let X = continuous functions z : [0,1] — R and

1 .§C2
J = dt.
(2) / s

d [t (z+ ah)?

Cda fy 1+ (z + ah)® |a:0

_ /1 2zh (1 + 2%) — 2% (2xh) it
0 (14 22)?

1
h
:2/ 2t
o (1+22)

We will prove later that the functionals in Examples [3.7] and [3.§ are Frechet differentiable.

Then

0J (z) h
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3.2.5 Ciritical Points

For unconstrained optimization problems, the necessary condition for an extremum can be stated
directly in terms of the Gateaux derivative. We say z* € X is a critical point of J if 0.J (z*) exists
and 6J (z*) h = 0 for every h € X. In this case, we write d.J (z*) = 0.

Theorem 3.14 If J achieves a local extremum at z* € X and 6J (x*) exists, then x* is a critical
point of J.

Proof. Let h € X. If J achieves a local extremum at z*, then a = 0 is a local extremum of
J (z* 4+ ah) . Hence,
* d *
dJ (z*) h = @J@ +ozh)|a:0 = 0.
|

Example 3.9 Let X = R" and J € C?. According to Theorem local extrema can only be
achieved at the solutions of %L =0.

3.2.6 Euler’s Equation

Now we can state the simplest “calculus of variations” problem. Let X = C* functions z : [0,1] — R

with [|-]| = ||[|cx , and
1
J(x :/ F(x,z,t)dt,
(@)= | F(wo1)

where ' : R?® — R lies in C'. We wish to find all local extrema. In many problems of this type,
F' depends only on the first two arguments, and we say F' is time-invariant. Otherwise, it is
time-varying.

The Gateaux derivative of J is

d

:E ;

1 .
6J (%) h F (x + ah,z + ah, t) dtl
=0

OF oF,

= /01 (a—xL*th a—iL*h) dt.

Note that, as the Jacobians of F' are taken, z, =, and t are treated as independent real variables.
The next result is central to the analysis of integral cost functionals.

Theorem 3.15 (Fundamental Lemma of the Calculus of Variations) Suppose f : [0,1] — R is

continuous and )
/ fhdt =0
0
(0) =h(1

for every C? function h : [0,1] — R with h(0) = )=0. Then f =0.

Proof. Suppose f # 0. Then there exist a,b € [0,1] with a # b such that f(¢) # 0 and has
constant sign for ¢ € [a,b]. Choose h with the same sign as f on (a,b) and f(t) = 0 elsewhere.

Then ) ,
/ fhdt = / fhdt > 0.
0 a

In view of the contradiction, f =0. =
By using the fundamental lemma, we can characterize the critical points more explicitly.

39



Theorem 3.16 z* is a critical point of J iff

oF d (OF
) = 2 = 1
Orly-  dt <aa'c L) @1
for every t € 0,1] and
or _oF ~ 0. (3.2)
a;p r=x*,t=0 8x lr=x* t=1

Proof. (Sufficient) Substituting (3.1)-(3.2) into (3.3) yields 6.J (z*) h = 0.
(Necessary) Integration by parts yields

L /OF d OF OF OF
6J (z*)h = —| — == |hdt+— h(l) — — h(0). 3.3
=) /0 (&’E b+ dE og ) aj:L:x*ytzl @ Oz le=2+1=0 © (3.3)

Restricting attention to A with h (0) = h (1) = 0, the fundamental lemma implies

on _don _,
aaj * dt ax o *
Hence, for arbitrary h,
oF OF
5J($*)h=—¢l h(l)— — h(0).
O le=z* t=1 Ox le=x*t=0

For any v € R", we may choose h such that i (0) = v and h (1) = 0, yielding

oF

—0 v =0.

O lz=z*t=0
Hence,

oF

Ox le=2*,t=0
By a similar argument,

oF

Ox le=z* t=1

Condition (3.1) is called Euler’s equation or the Fuler-Lagrange equation. Equations (3.2) are
boundary conditions. Any solution of Euler’s equation is an extremal. In calculating (3.1)), we may
apply the chain rule to obtain the second-order differential equation

OF,  O*F .« O*F, .« O°F

—_— = - X +7 xr + - .
0xles  Jrdrh: or Oz Ot

(3.4)

Euler’s equation will often be nonlinear, making it difficult to obtain a closed-form solution. In
some cases, numerical solution is the only possibility.
We first examine some problems where Euler’s equation is linear.
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Example 3.10 Let
F(z,0)=a®+azta.

Then
oF 2% + 4
— =2z +=x
ox ’
oF .
— =x 4+ 2z,
Ox

so Fuler’s equation is
. d ) ) .
20 +x = — <x+2$> =+ 2z
dt
or, equivalently,
T =

The extremals are all the functions of the form
x* (t) = ae’ + be",

Applying the boundary conditions, we obtain

@ (t) = ae’ — be™,

F x
a—, = 2" + 22 = 3ae’ —be
Ox e
F
i = 3a — b= O,
aqj lr=x* =0
F
a—, =3ae —be ' =0.
Ox le=z*t=1
In matrix form,
3 -1 a | 0
3e —e ! b |
But
3 -1 _
det { 30 -l 1 = 3(6—6 1) = 7.05,

so a =b=0, making * = 0 the only critical point.

Example 3.11 Let J (x) be the arc length of the graph of x :

d 2
ds = A + da? = 1+( x) dt

dt
1
J(x):/ \/1+rt2dt
0
Then :
oF oF T



FEuler’s equation is

d x T
0 = — B — =
dt 2 2\ 5
1+2x (1 +x )
or
z = 0.
The extremals are
" (t) = a+ bt.

The boundary conditions yield
oF oF b

Ox ke=a*t=0 Oz

0

ir=x*,t=1 vV 1+ b2 -

or b =0. The critical points are the constants x* = a.

Example 3.12 Lety,z € C' and
. , 2
F(m,x) :(x—y(t))2+(x—z(t)> :

J expresses the trade-off between making x close to y and x close to z. Then

o 2y ),
2—2:2@—2@)).

FEuler’s equation is
d : .
Z(I—y)zﬁ@(x—z)) 22(ZE—Z>

rT—T=2z—Y.

or

The boundary conditions are
z(0) = z(0),
z(1)=2z(1).

One way to proceed is to set w = = and apply state-space theory:

HERBIBRHE
ARt

| cosht sinht
" | sinht cosht

K

][ =0 Co-vo

H+/Otexp((t—7){(1’ éD [(” () -y(@)dr
)



w(l)==z(1)=2(1)

i%)) } + /01 (cosh (1= 7)) (2 () — y () dr

w(1l) = [ sinh1 coshl ] {i

w(1) = (cosh 1) w (0) — f; (cosh (1= 7)) (2(r) —y (7)) dr

=(0) = sinh 1
2 (1) — (cosh 1) z fo (cosh ( 1—7))< (1) —y(T )> dr
h sinh 1
x*(t) = | cosht sinht z(0) ‘[ sinh (¢ —7) z2(7) —y (7)) dr
(t) [ ] w (0) t o | cosh(t—r1) ( (7) y())
For example, setting y (t) =t and z (t) = 0 yields
() =& e_t+_1e +t

If Euler’s equation is nonlinear and F' is time-invariant, then the problem can often be made

easier through a simple trick. Here the cost is

J(z) = /01 F (x :}:) dt. (3.6)

Theorem 3.17 (Beltrami Identity) If J has the form (@ and x* is a critical point of J, then

there exists a € R such that oF
F (a:x) i = (3.7)
ox I
Proof. Applying calculus,
d oF or. OF. d (OF orF .
(F——) T+ — ——<—):B——J; (3.8)
dt oz 83: 01: ox

t
-G -a (%))
For x = x*, Euler’s equation guarantees

£ (r(e) - 2)-

Then (3.7) follows by integration. m
Note that equation (3.7)) is a first-order differential equation. If we can solve for

then we may apply “separation of variables

1
/f(m)dx:tﬁLb,
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assuming the integral can be calculated in closed-form. Then we are faced with an equation
g(z)=1t+b,

which must be solved for x. In applying this technique, one should keep in mind that expression
(3.8)) vanishes for any constant x. Hence, these functions will always show up as solutions of ,
but may not be solutions of Euler’s equation.

: / .2
F(x,x)zx 1+z.
4 2

.2 d Tx rr+z +x
1_'_']: = 7 = 3 9
dt .2 .2\ 2

14+ <1+x>

.2
zxr—x —1=0,

Example 3.13 Let

FEuler’s equation is

which is hard. Applying the Beltrami identity,

2

2 T
x\/?——za
.2
Viti

or
x
— =u.
.2
Vit
Solving for x, we obtain
2 _ a2

T =
a
T = a is a solution for every a € R. For a # 0, separation of variables yields

dr =t+b+alna.

a
/ Va2 — a?
(The constant of integration is written b+ alna to make the solution look better.) Integrating, we

obtain
aln (a:—i— V2 —a2> =t+b+alna,

a( <t+b) ( t+b>> <t+b)
r=—|exp| — ) +exp| — = a cosh .
2 a a a

Each extremal is a catenary.
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3.2.7 Extensions

One may use the above techniques to derive Euler’s equation and boundary conditions for a variety
of similar problems:

1)
X = C? functions 7 : [0,1] — R"

Here we need to choose a norm on R™ and define

o] = max [l (1) | + max Ha: (t)H + max Ha: (t)H .

In view of the two norm theorem, every norm on R"” yields essentially the same results.

J(a:):/olF(:c,i*)dt

oF, _d (0F
0l dt 8i|1*

oF oF
ox =x*,t=0 Ox le=z* t=1
The partial derivatives are actually 1 x n Jacobians.

2)
X = C? functions z : [0,1] — R

J () :/OIF(x,f,i,t> dt

1 . .
§J (z)h = i/ F <m+ah,a}+ah,i~+ah,t) dtl
da 0 Oé:O

(a—F h+a—F Ii+a—.E ﬁ)dt
o Ox > ox lx*

Integration by parts yields
L /oF F 2 (OF

(ol Gl L) 0= (G~ (L)L) o

oF : OF :
T h(l) = — h (0)
Oz o=z~ t=1 Oz le=z*t=0
By the fundamental lemma,
OF d (OF d?> [(OF
. T g\ o + 5= =0,
8[E o * dt 81; * dt? 8x %
o (o)
O b=z t=0  dt \ gy o |t:0,

45



OF _d (OF
a;mu—a(g;ﬂf
oF _or —0
Ox le=x*t=0 Ox le=z*t=1

3) Let
X = (7 functions 7 : [0,00) — R such that z, , and x are bounded,

lall = sup |z (£)] + sup & (5)| + sup |7 (1)
t t t

J(z) = /Ooo et (g; 55) dt,

where F' € C?. From integration by parts,

5J(.r)h:/ e_t(a— h—i—a—. h)dt
0 O b~ O b
>) hdt + lim (eta—j,7

h (a_F d (a_F

Since z and z are bounded and 2% is continuous in z and z, 2—1.? is bounded (in t), so
€T X

lim (e_ta—FL ) =0,
t—oo ax —*

o oF oF d (OF oF
0J (x)h = = +— ——(— ))hdt—— h(0).
(z) /0 ¢ (&cll il dt \ g e (©)

agj =x*,t=0
An extension of the fundamental lemma (Theorem [3.15)) is required.

BEI)

Ox k=2 t=0

Theorem 3.18 Suppose f :[0,00) — R is continuous and

/ fhdt =0
0

for every h € X with h(0) =0. Then f =0.

Proof. Same as for Theorem B.15. =

Theorem yields
oF 0P i (0FY |
or 9, dt\g9;/)
oF
Ox lz=z*t=0
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3.2.8 Second Derivatives

Reference: Gelfand and Fomin, Chapter 5
Let J be a functional on X having first Gateaux derivative 6./ (x) for some = € X. We say J is
twice Gateaux differentiable at x if there exists a functional §%J (x) such that

J(z+ah)—J(z)—adJ (z)h

a2

- %5%] () h (3.9)

as a — 0. 62J (z) is called the second Gateaux derivative of J at x. (§°J (x) is also called the second
variation of J.) Now suppose J has first Frechet derivative J' (x) for some = € X. We say J is twice
Frechet differentiable at x (relative to a norm ||-||) if there exists a continuous bilinear functional K

such that
J(m+h)—J(m)—J’(m)h—%K(h,h)

— 0 (3.10)
In]*
as h — 0. J" (x) = K (x,x) is called the second Frechet derivative of J at x. Note that J” (z) is
quadratic.
If the second directional derivative
d2
—J(x+ ozh)l

dC(2 =0

exists for every h € X, then it can be used to find 627 ().

Theorem 3.19 (Taylor’s Theorem) If f : R — R is k times differentiable at x, then

h) — Sk b 1
f(z+h) %:_0 il (z) R Hf(k) ()

as h — 0.

Theorem 3.20 If the second directional derivative of J exists at v € X, then so does §°J (x) and
the two functionals coincide.

Proof. Let
fla)=J(z+ah).

Applying Taylor’s theorem to k = 2,

f(a) = f£(0) —af (0) — < f"(0)

a2

— 0,

" [(@)=fO) —af@© 1

o? 2

£7(0). (3.11)

But
f(0)=46J(z)h,

so comparing (3.9) and (3.11]) yields the desired result. m
Existence of the second directional derivative is actually stronger than existence of the second

Gateaux derivative.
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Example 3.14 Let X =R and

3 1
J(x):{x sin-, z#0 .

0, =0
For h # 0,
J(ah) = J(0) = o?h¥sin — — 0
! ah
as o — 0, so
d
d0J (0)h = @J(ah) |a:0 =0.
Furthermore,
J(ah) — J(0) —adJ (0) h _ ah3sini 50
a? ah '
S0

627 (0)h = 0.

Hence, the Gateaux derivative exists at x = 0 and equals the 0 functional. To find the second
directional derivative, first calculate the first directional derivative as a function of « :

d _.3d 3. LY o5 1 9 1
y J(ah)—hd (a sin h)—?)ahsm ; ah” cos

o « «Q «Q ah

But 2,3 1 B2 1
3ah® sin = — ah” cos = 1 1
ah ah — oh3sin — — h? cos —
«Q ah ah

does not converge as o — 0. Hence, %J (ah) is not differentiable at o« = 0 and the second directional
deriwative does not exist.

Theorem 3.21 If J” (x) exists, then so does §°J (z) and the two functionals coincide.

Proof. Choose any h € X. If h = 0, then J” () h = 0, since J” (z) is quadratic. Also,

d2
2 _ _
0°J (x)h = da2J(3c)|a:0 0.
For h # 0, note that ah — 0 as a — 0, so

J(z+ ah) = J(z) = J' (z) (ah) — 3J" () (ah)

— 0.
lah*
Multiplication by ||A||* yields
a2
J(x+ah)—J(z) — (;zJ' (x)h —FJ" (z)h o, (3.12)
a
By Theorem 3.5, J' (z) = §J (), so Taylor’s theorem yields
a2
J(x+ah)—J(x)— o (x) h—%06°T (z) h o (3.13)

a2
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Dividing (3.13]) by a? and subtracting from (3.12)), we obtain
1
3 (6T () h— J" (z) h) — f (@) — 0.
Hence,
J" () h = 6°J (z) h.
m
In a typical application of Theorems [3.20] and [3.21], one begins by finding the second directional
derivative of J using ordinary calculus. This gives 627 (z) as well as a candidate for J” (x) . Existence

of J” (x) must then be established by applying the definition (3.10)).
Let us look at some special cases.

Theorem 3.22 If f is constant, then it is twice Frechet differentiable with f" (x) = 0 for every
r e X.

Proof. The result follows from
fx+h)—f(x)
1)

[ |
Theorem 3.23 Suppose f is linear.

1) 8%f (z) =0 for every x € X.
2) If f is continuous, then it is twice Frechet differentiable for every x € X.

Proof. 1)
f(z+ah) = f(z) —af (h)

a? =0
as a — 0.
2)
flath) —fl@)=f(h) _ f@)+f(h)-f@)-Ff0)
2 [l
[ |

Theorem 3.24 Suppose K is bilinear and f (z) = K (x,z) (so f is quadratic).
1) 8%f () h =2f (h) for every z € X.
2) If K is continuous (on X?), then f is twice Frechet differentiable.

Proof. 1)
fx+ah)—f(z)—adf(x)h _ K (z+ah,z+ah) — K (z,2) — (K (z,h) + K (h,x))
! :a2K(h,h) ’
- F(n).

2) 62 f (z) is obviously quadratic. If K is continuous, then 6%f () is continuous for every z. The
result follows from

flx+h)—f(@)=0f (@h—30°f(x)h K (hh)—f(h)

1] 1]

[ |
In the finite-dimensional case, the second derivative reduces to the familiar quadratic form.
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Theorem 3.25 Let X =R". If J € C?, then J" (z) exists with
0*J
J"(x)h=h"—=| h
() 922l..
for every h € R™.

Proof. Since C? C C*, Theorem guarantees

g

_% h

z*+ah

5.7 (x* + ah) h

for every h € R". Since J € C?, we may again differentiate to obtain

ddT;‘] (z* + ah) L:o - % (0J (z* 4+ ah) h) |a:0
- % (g_illurahh) -
_ a% (%x*h) h
-5 ("5 1)

|
=
Fle
R
Q>|Q>
S
S
5
S~

Existence of J” (x) follows from Bartle, pp. 369-371. =

3.2.9 Definite Quadratic Functionals

We say a quadratic functional f : X — R is positive semidefinite (written f > 0) if f(x) > 0 for
every € X and negative semidefinite (f < 0) if f (z) < 0 for every z € X.

Example 3.15 For X = R" and
f(z) = 2" Pa,

f >0 iff 2" Px > 0 for every x € R". But this is just the definition of positive semidefiniteness of
P. Simularly, f <0 iff P <O0.

A quadratic functional f is positive definite (written f > 0) if there exists € > 0 such that
f (@) > e|l||”
for every x # 0 and negative definite (f < 0) if there exists ¢ > 0 such that
f (@) < =&zl

for every « # 0. From the definitions, positive (negative) definiteness of f implies positive (negative)
semidefiniteness of f. Note that definiteness (but not semidefiniteness) depends on the choice of
norm. This fact can be seen explicitly in the following example.
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Example 3.16 Let X = continuous functions x : [0,1] — R,

], = max |z ()]

1
lell, = 4x%w@

f (@)= l=ll3 -
Then 1
7 @)> 5 el

so f > 0 relative to ||-||,. Now let € > 0 and set

Then .
f (29) :/O 22 (1) dt = g (1-¢%) =0

as 6 — 0 and
[2s]l o = 1.

Hence,
f(ws) # & sl
for sufficiently small 6, so f # 0 relative to ||| -

Theorem 3.26 Let X = R" and
f(x) = 2" Px.

Then f is positive (negative) definite iff P is positive (negative) definite.
Proof. The two norm theorem guarantees that definiteness is norm-independent. For conve-

nience, choose
|z|| = VaTz.

Setting
1
Q=3 (P+P"),

we may write

f (@) = 27 Q.
Note that

f(x) >ex’a
iff

2" (Q—el)xz > 0.

Hence, f is positive definite iff () — I > 0 for some € > 0. The eigenvalues of () — ¢l are A — ¢,
where A\ ranges over the eigenvalues of (). Since () is symmetric, Theorem , part 3) states that
Q) — el > 0 iff each X satisfies A > . But we are free to choose ¢, so positive definiteness of f is
equivalent to A > 0 for every eigenvalue of (). This is the same as () > 0, which is equivalent to
P > 0. Negative definiteness is handled similarly. =
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3.2.10 Second Derivative Conditions

Now we state conditions for local extrema in terms of second derivatives.

Theorem 3.27 Suppose J has a second Gateaux derivative 6*J (z*) at x* € X.
1) If J achieves a local minimum at z*, then 6*J (z*) > 0.
2) If J achieves a local mazimum at x*, then 6*J (z*) < 0.

Proof. 1) Let h € X. If J (z*) < J (z) for z € B (z*,¢), then

J(x*) < J(z* + ah)

o e (_i L)
RRA

Since J achieves an extremum at z*, 6.J (z*) h = 0. From (3.9)),

for

J(x*+ah)—J(x*) 1 .
= — 552J(gz: )h

0<

as « — 0. Since h was arbitrary, 62J (z*) > 0.
2) Similar to 1). =

Theorem 3.28 Suppose J has a critical point x € X and a second Frechet derivative J" (z) .
1) If J" () > 0, then J achieves a strict local minimum at x.
2) If J" (z) < 0, then J achieves a strict local mazimum at x.

Proof. 1) From the definition of positive definiteness, there exists € > 0 such that
J"(x)h > e|lh|
for every h € X. Then
J(x+h)—J(x) = 1" (x)h

— 0
[

as h — 0, so there exists 6 > 0 such that

J(x+h)—J(x)— 1" (z)h . €
I1R]* 2

for h € B(0,0). Hence,
1 1 2
J(:E—I—h)—J(x)>§(J (z)h—e||h[]") >0
for h € B(0,0).

2) Similar to 1). =
Note that Theorems and [2.12] follow as special cases of Theorems [3.27) and [3.28|
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3.2.11 Legendre’s Condition

Let us calculate the second Gateaux derivative of

J () —/OlF(x,j:,t) dt,

where X = C? functions z : [0,1] — R and F € C?. The second directional derivative exists and
equals

d2? 1 x .
— | F <x* + ah,x + ah, t) dtl
da? J, -

d ['(OF F ~

P
da Jo \ 0%l tan Ox ke*+an =

1 92F 2 . 2 .2

:/ 8—2 w20t hh+8— ho | dt.

o \ 027k Oz0zk &E a*
Invoking the chain rule and integration by parts,
0?F 0?F
/ | bt = / L ) dt
0 O0xdx 0 Oxdx dt

d [ O*F ) 0*F O2F
=— [ = | ) RPdt+ —— h* (1) — . h2 (0),
/0 dt (695890':* OrOxle=xt=1 ( ) ax@ajL:x*’t:O ( )

62 (%) h =

SO

1 2 2 2 . 2 2
52J(x*)h:/ (8—1: —i(aF,L»hMa— ) a2 2 a)- 2 B (0).
0 o A\ §rozhe ox OxOxle=z*t=1 OrOxle=z*t=0

(3.14)

Now we need a lemma reminiscent of the fundamental lemma, but for quadratic integrals.

Theorem 3.29 Let P, : [0,1] — R be continuous and
1 2
f(h) :/ (Ph2+Qh )dt
0
If f(h) >0 for every h € X with

then Q (t) > 0 for every t € [0,1].
Proof. Suppose @ (t) < 0 for some ¢ € [0, 1] and let
M = m?XP (t).

By continuity, there exists an interval (a,b) C (0,1) and € > 0 such that @ (t) < —¢ for allt € (0,1).

In fact, there is no harm in assuming
| €
b—a<d4dmy/—.
@ <Am [0
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Setting

0, else

we obtain h (0) = h (1) =0, so

]
IA
~

(h

IN

)

(Mh2—5h>

b a+b 2\ | o [ 4m a+b
<Msm (t— 5 ))_g(b—a> sin (b—a(t_ 5 )))dt

a/wsm TdT—Ebia/z:SiHZTdT

Il
§ —

21
3 2m2e
8 ( a) b—a
3 € 1 /3M
M (dmy )=o) —om?e | — /2
<3 (”\/31\4) ”(zm g>
=0.

This is a contradiction, so @ (t) > 0 for every t. m
In combination with Theorem [3.27] the following theorem establishes necessary conditions for
an extremum based on the second derivative. Compare this result with Theorem [2.11]

Theorem 3.30 (Legendre’s Condition)
1) If 82J (x*) > 0, then 62FL >0 for every t € [0,1].

2) If 5*J (z*) < 0, then 62FL <0 for every t € [0,1].

O*F d ( 0°F
p=20 L (25 ),
02l di \ §rogh-

_oF

Proof. 1) Let

in (3.14). For any h € X with A (0) = h (1) =0,

1 .2
62J(a:*)h:/ <Ph2+Qh>dt
0

From Theorem [3.29, Q (t) > 0 for every t.
2) Obviously, —62J (z*) > 0. Negating (3.14) and applying the arguments in the proof of part
1) yields
PF

2

ox

>0

for every t. m

o4



Example 3.17 Recall Example [3.10,

. .2
F(m,x) =’ +rr+a,

¥ = 0.
Since g2 5
or ox

Theorems[3.27 and[3.30 indicate that J and x* violate the necessary condition for a local mazimum.

Example 3.18 Recall Example [3.11]

Then
R2F 9 ' 1
ok x — ;>0 YreX, telo1],

0i" o Vita (1+dz2)§

so a local maximum is ruled out for every a.

Example 3.19 Recall Example|3.14
2

Fre)=@—y@P+(a-20)

2 (1) = (eosh 1) 2 (0) — f; (cosh (1= 7)) (2 (7) — y (7)) dr |
¥ (t) = - cosht + 2z (0)sinh ¢

+ /Ot (sinh (t — 7)) (,é (1) — y(T)) dr.

Then

so a local maximum is ruled out.

For calculus of variations problems formulated in C?, the second derivative sufficient conditions
of Theorem [3.28] are rarely applicable.

Example 3.20 As in Examples and [3.17,

. .2
F<x,x> =2l tar+a,



o°r

— = 2.
ox

%

One can show that J" (x*) exists, so

1 aQF 1
J”(x*)h:/ — tht:2/ RAdt.
0 0

i b
Let \
hs (t) =e 5.
Then
I slls = max [Rs ()] + max h;(t)‘ + max [ (t)‘ —1+ % + 5—12 — o0,

J”(x*)h5:2/1h§dt:5(1—e‘§> =0
as 6 — 0%. For any € > 0 one can choose § Osuch that
0 < J" (%) hs < £ ||hs|| 2
for sufficiently small 6. Hence, J" (z*) £ 0 and J" (z*) # 0.

3.3 Constrained Optimization in X
3.3.1 Introduction
Let X be a normed linear space, J : X — R, and g : X — R™. Writing
g1
: =9,
Im
we say g is Frechet differentiable at x if each g; is Frechet differentiable at x. This is the same as

lg(x+h) —g(x) =g (z)h],
el

0. (3.15)

Here, the norm ||-||  on R™ is applied to the numerator, while [-|| in the denominator is any norm
on X. By the two norm theorem, the choice of norm for the numerator is actually irrelevant, so we
may simply write
glx+h)—g(x)—g(x)h
7]

In the infinite-dimensional context, the notion of a constrained extremum carries over verbatim
from the finite-dimensional case: We say J achieves a constrained global minimum (mazimum) at
x* subject to Q C X if a* € Q and J (2*) < J(x) (J(2*) > J (x)) for every = € 2. Furthermore,
J achieves a constrained local minimum (mazximum) if there exists € > 0 such that J (z*) < J ()
(J(xz*) > J(x)) for every x € QN B (z*,¢). The extrema are strict if the inequalities are strict.

Theorem [2.13] generalizes without any changes.

— 0.

Theorem 3.31 If J achieves an unconstrained extremum at x* € §, then J achieves a constrained
extremum (of the same type) at x* subject to .

26



3.3.2 Open Constraint Sets

Open sets are defined as before: A set 2 is open if for every x € Q) there exists € > 0 such that
B (z,e) C Q. Unfortunately, for infinite-dimensional spaces X, the open sets depend on the choice
of norm. Hence, there is no infinite-dimensional version of Theorem [2.14l Nevertheless, Theorem
217 carries over verbatim.

Theorem 3.32 If 2 C R" is open, z* € €, and J achieves a constrained local extremum at x*
subject to ), then J achieves an unconstrained local extremum (of the same type) at x*.

Theorem generalizes without change. Hence, strict inequalities with continuous functions
g () > 0 determine open constraint sets. As in finite-dimensional problems, J need only be defined
on an open set 2 C X. A useful application arises in certain calculus of variations problems.

Theorem 3.33 If U C R3 is open, then
Q= {x €x| (a:(t),i(t),t) cU Vte [0,1}}
18 open.

In view of Theorem the integrand F need only be defined on an open set U C R3. This
fact is useful in problems where |F'| — oo as (a: (t),z(t) ,t> tends to the boundary of U. If F' is
time-invariant and U C R? is open, then Theorem [3.33] states that

Q= {x ex| (x(t),a}(t)) cU Ve [0,1]}
- {m eX| (x(t),d:(t),t) cUXR Ve [0,1]}
is open.
Example 3.21 Let
F <mx> - ﬁ
and U = (—1,1) x R. Euler’s equation is

Ty

Vi—22
so the only extremal s x* = 0. The boundary conditions are trivial, so x* is a critical point. Since
oF

- =0,
ox

Legendre’s condition provides no information.
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3.3.3 Affine Constraint Sets

We say g is affine if ¢ = g — ¢ (0) is linear. An optimization problem with affine g can be reduced
to an unconstrained problem by recasting it in

)?:{xEX|§(x):0}.
It is easy to check that X satisfies the axioms of a vector space. Let
Q:{m€X|g(m):O}.
Theorem 3.34 Let xg € ). Then X = —x9 + €.

Proof. By linearity of g,

Hence, x € X iff z + 29 € Q or, equivalently, z € —zo + ). =
Define the shift operator ¥ : X — ) according to

Y (z) =z + x.
Setting o
J: X — R,
J(z)=J(2(x) = J (z + x0) (3.16)
preserves cost under the transformation 3 and, hence, preserves global extrema. Since
Y (B(x,¢)) = B(x + x9,€),

local extrema are also preserved. Hence, an optimization problem with an affine constraint set may
be replaced by an unconstrained problem with on a reduced vector space X.

Theorem 3.35 1) If J is Gateaux differentiable at x, then J is Gateaux differentiable at v — x
and B
0J (x —x9) h=9J (z) h
for h € X. B
2) If J is Frechet differentiable at x, then J is Frechet differentiable at x — xo and

J (x—xo)h=J (2)h
forhe)?.

3) If J is twice Gateaux differentiable at x, then J is twice Gateaux differentiable at x — xy and
82T (x — o) h = 6%J (z) h

for h € X. B
4) If J is twice Frechet differentiable at x, then J is twice Frechet differentiable at x — xo and
J"(x —x9) h=J"(x)h forhe X.
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Proof. 1) From (3.16]),

j’(x_xo_i_ah)_j(m—xo) :J(a:—i-ozh)—J(x) —>§J($)h

foranyhe)?as&ﬁo.

2) ~ N
J(I—xo—i-h)—J(m—:vo)—J’(x)h: J(I—i—h)—J(a:)—J’(a:)h_)O
7] il

as h — 0.

3)

J(x — 20+ ah) — J (x —z) —adJ (x)h _ J(z+ah) = J (z) = 8] () %152“%)
a? a? 2

as a — 0.

4)

j(as—xo—l—h)—j(x—xo)—J’(a:)h—%J”(x)h: J(w—l—h)—J(x)—J’(.r)h—%J”(m)h_)0

1] 1]

ash—0. m

In view of Theorem [3.35, optimization problems with affine constraints can be solved by restricting
the first and second derivatives of J to X and applying the theorems of unconstrained optimization,
discarding critical points z* & €.

3.3.4 Fixed End Points
Let X = C? functions z : [0,1] = R, ||| = |||l o2 , and

J (z) :/OIF(x,:t,t> dt,

where F': R? — R lies in C%. We impose the fixed end point condition = (0) = a or, equivalently,
g(x)=2(0)—a=0.

Since ¢ is affine, we may transform the problem into an unconstrained one. Compare the following
result with Theorem [3.16l

Theorem 3.36 x* is a critical point of L iff

OF d (OF
] === d
Ol dt < oz L) (317
for every t € [0, 1],
2" (0) = a,
or — 0. (3.18)
Ox le=z*t=1



Proof. Let xg = a. Then
X:—x0+ﬂz{x€X|x(0):0}.

For h € X , the Gateaux derivative of J at z* is
' (OF F F
6J(x*)h:/ (@_ —18— )hdt—i—a—, h(1).
0o \ 0Tl dt ggl- Ox le=z* t=1
Applying the fundamental lemma and the constraint yields (3.17))-(3.18). m

3.3.5 Extensions and Examples

Using arguments similar to those in the proof of Theorem [3.36] one can also derive necessary
conditions for the following cases.
1) Right end point constraint z (1) =b:

g)=2(1)—b=0

X:{xGXLMD:0}

oF, _d (0F
Oxly  dt 8¢L*

OF B
8;[' r=x*,t=0
2) Left and right end point constraints x (0) =a, x(1)=b:

X:{x€X|x(0):x(1):O}

oF, _d (0F
Ol dt ai*lz*

Example 3.22 We wish to find the C? function x with x (0) = 0 and = (1) = 1 having minimum
arc length. From Ezample[3.11],

: .2
F(a:,m) =\V1i+zx,

which yields Fuler’s equation

and the extremals
x(t)=at+b

for arbitrary a,b € R. Since this is a two end point problem, we need only apply the constraints
b=u2x(0)=0,
a+b=xz(1)=1.
Hence, a =1 and the only possible solution is

Tt =1t.
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Example 3.23 (Surface of Rotation) The problem is to find the C* function x with
z(0)=xz(1)=1

and z (t) > 0 for every t € [0,1], which generates the surface of revolution with minimum area. Let
ng{xeX|x(t)>O}

and x* € Q3. Since
U=1[0,00) xR

is open in R%, Theorem guarantees that €13 is open. The end point conditions determine the
equality constraint

= [071] -0

Although we have a problem with mized constraints, the open constraint can be dealt with by simply
imposing x (t) > 0 on the set of extremals. The cost functional is obtained by finding the incremental

surface of revolution:
/ .2
ds=\14x dt
dA =2nxds = 2wx\/ 1+ ith
L 2
J(a:)—%r/ z\ 14z dt
0

This is the same cost functional we analyzed in Example[3.13. The extremals are the catenaries

t+b
a:(t):acosh( —g ),

where a and b are arbitrary constants. For a > 0, the solutions satisfy x (t) > 0. The end point
conditions dictate

b
z(0) =acosh— =1,
a

(1) = acosh (1 *b) _1

a

Solving the two equations yields
(a,b) = (0.255,—0.5), (0.848,—0.5).
The corresponding values of J are
J (1) =5.99, J(xz)=5.96
leaving the second solution as the only candidate for a global minimum.

Example 3.24 (Brachistochrone) The brachistochrone problem was originally posed by Johann
Bernoully in 1696. Solutions were provided by several mathematicians, including Newton, Jacob
Bernoulli, Leibniz, and I’Hospital. It is generally acknowledged that this was the origin of the cal-
culus of variations.
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The problem is to find the C? function z : [0,1] — R with x (0) = 1 and x (1) = 0 that minimizes
the time required by a point-mass sliding without friction along the curve to move from the left end
point to the right, starting with tangential velocity vg > 0. We will begin by assuming vy > 0 and
write z, rather than t, for the independent variable, since time has a different physical meaning in
this problem. The incremental arc length is

so the tangential velocity is

B AN
dt dz ) dt’

Hence, the mass moves a horizontal distance dz in time

2
dt=1 14 (dx) dz.
v dz

Set

From physics,
Loy 1
gmv” = 5mug +mg(l—2x),

v—\/vo—i—Qg 1 —2)=+/29Va — z,

which must be real, so x (2) < a for every z € [0,1]. In fact, x (2) = a makes no sense either, since
then v (z) = 0, which would result in the mass stopping at position z, taking infinite time to reach
the end point. Setting

,  dx

==
dz’

11 1 V1422
= [ Vi+taPde=— | y/——d
/OU + 2'4dz 29/0 T z

Although F is not continuous (and therefore not C?) on R? F is C? on the open half-plane

v ={(ri) R | <a).

Hence, we may proceed, keeping in mind that critical points must lie in the constraint set

the cost functional is

Q:{x€X|x(t)<a Vte[(),l]}.
Q is open by Theorem |3.35. The partial derivatives are

or 0 1—|—x’2 14 22
or Ox\ a—=x a_g;S’




a_F_i 1+m/2_ x/
or' 07\ a—x _\/(1+x’2)(a—x)7

yielding Fuler’s equation

1 [142% d 7/ 2(@—z)a" 42"+ 2"
Na—aF TEVIT 6D gt em ey

)

2(x —a)z" +2%+1=0.

This is a hard differential equation, so we apply the Beltrami identity to obtain

1+ 272 x'?
'/ _ =,
a—z /(14 27)(a—2x)

by/(1+272) (a —z) = 1.

Obviously, b # 0, so

1
(1+2%) (a—z)= 1
Since the slope of x must be negative for some z,
. 1—-0%(a—x)
b (a—x)

Separating variables yields

/ b (a —2) ————dr=z+c
1-02(a—x) ’

arccos (1 — 2b? (a — x)) \/1— (1—20%(a—2))°

=z+ec (3.19)

Applying the boundary conditions,
arccos (1 — 2b% (a — 1)) — \/1 — (1 =202 (a —1))* = 2b%c =0, (3.20)
arccos (1 — 2b%a) \/1 — (1 —2b%a)" —2b* (1 +¢) = 0. (3.21)

Recalling that a is a constant determined by vy and g, (-)- can be solved simultaneously
for b and c. Setting
0 = arccos (1 — 2b° (a — z¥))

and invoking (3.19), we obtain x* in parametric form:
)

sin @ = sin (arccos (1 — 2b* (a — z*)) \/1— (1— 202 (a — z*))?
. 1 —cosf
©=a 5h2
., 0 —sinf
2= -
2b2



This function is called a cycloid — the curve traced by a point on the perimeter of a rolling wheel.
The parameter 0 varies over the interval [0y, 6], where

0o = arccos (1 — 2b* (a — 1)) ,

f, = arccos (1 - 262a) )

The case vg = 0 1is mathematically more difficult, since x*(0) = 1 forces x* to lie outside €.
However, physical considerations dictate that letting vo — 0 in the solution above yields the optimal
curve given by

b* =0.934, ¢ =0,
90 == 0, 91 - 241,

. 1 —cosf
rr=1- oy = 0.427 + 0.573 cos 0,
, 0 —sinf )

3.3.6 Banach Spaces

For constraint sets {2 that are neither open nor affine, the situation becomes harder. Such problems
can be handled with an infinite-dimensional version of Lagrange multipliers. In order to prove
such a result, we need to make an assumption on the normed linear space X. This requires some
additional background.

A sequence in X is any infinite list of vectors x1, x5, 3, ... € X. The sequence is often denoted
xy. Let ||| be any norm on X. A sequence in X is Cauchy if for every ¢ > 0 there exists N < oo

such that ||zy — x| < € whenever k,1 > N. In other words, z; being Cauchy means z; —2; — 0 as
k,l — oc.

Theorem 3.37 Fvery convergent sequence is Cauchy.
Proof. If z;, — x, then

lox = @l = [ (2 — ) = (21 = @)
< oy — 2| + [l — =]

— 0.

n
In certain spaces, the converse of Theorem is false.

Example 3.25 Let X = continuous functions x : [0, 1] — R with norm |-||, . Consider the sequence

0, 0<t<3
a(t)=¢ k(t—-1), 1<t<i+1i
L, 3+3<t<1
For k > 1,
(k=D(t=3). F<t<i+]
zy () — 2 () = 1-1(t—3), 3+<t<3+7
0, else



Then

as | — oco. For k < I, simply interchange k and | to yield a similar result. The case k =1 trivially
yields ||z, — z;||> = 0. Hence, ||xx — x1]| — 0, so x, is Cauchy. But ), converges to the step function

which does not belong to X.

A normed linear space X is complete if every Cauchy sequence in X converges (to a point in
X.) Example describes a normed linear space that is not complete. Actually, the notion of
completeness applies to more general spaces that normed linear spaces (e.g. metric spaces). If a
normed linear space is complete, it is a Banach space.

Example 3.26 The following are Banach spaces:

1) R™ with any norm.

2) X = continuous functions x : [0,1] — R with norm ||-|| .
3) X = C* functions x : [0,1] — R with norm

k
[Hlex =D max [« (1)
=0

4) X = L? functions z : [0,1] — R with norm

I, = (/Olwsc(t)r”dt);.

We will see that completeness plays a role in the infinite-dimensional version of Lagrange mul-
tipliers.

3.3.7 Strict Frechet Differentiability

We say J : X — R is strictly Frechet differentiable at x* € X if
J(x+h)—J(x)—J@*)h

17|
as h — 0 and v — z*. If J is strictly Frechet differentiable, then it is Frechet differentiable, since
we may take the limit with = z*. In this case, J’ (z*) is the Frechet derivative (and the Gateaux

derivative).
Strict Frechet differentiability specializes naturally to X = R".

— 0
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Theorem 3.38 If X = R" and J € O, then J is strictly Frechet differentiable.

Proof. Choose any R > 0. By Taylor’s theorem, there exists M; < oo such that

)J(:c+h) ~J(x) - 6g_g;>h\
Il

< M, ||h|]

for every x € B (z*, R) and h € B (0, R) . From Theorem [2.4] there exists M, < oo such that

’<8J (x) &JL*) h‘ o HaJ (2) %L*H T8

ox oz ox
Hence,
sty ]_pesn o [(#-)
z < n .
172 17| 172

oJ (x) 0J

< _ -

< M|l + M ox 8x|1*

— 0

asx —z*and h — 0. m
We can also prove strict Frechet differentiability for functionals of the form

J (z) :/OIF(m,j:,t> dt,

where ' € C?. To do so, we need a different version of Taylor’s theorem.

Theorem 3.39 (Taylor’s Theorem) Let f : R™ x [0,1] — R lie in C?, z* € R", and R > 0. Then
there exists M < oo such that

f(l'—i—h,t)—f(l‘,t)—

8f (ac,t) 2
Sn| < ar o)

for every x € B (z*,R), h € B(0,R), and t € [0,1].
In the following result, we let X = C? functions z : [0,1] — R.
Theorem 3.40 If F' € C?, then J is strictly Frechet differentiable at every z* € X.

Proof. Let ¢ > 0 and impose the norm |-||, on R?. If x € Bee (2*,¢) and h € Be2 (0,¢), then

io]-[50]

=@ =" O+ |7 O] < o —2"llx <,

— b)) + \h<t>\ < hllgn <=,
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Setting n = 2, f = F, and R = ¢ in Taylor’s theorem, we obtain

h(t)
o o |

F<()+M) p(t)+h(t), )—F@@%' )‘[ Lt

ht) 1|
[w)]

1
< M ||h)%s -

< M,

From Theorem

|[ g_ilz(t) L *(t) BI

_oF
ox

h(t)
0 ] [ h(t) ]

oF h(t)
< 5% -5 ~
—MQ[B@ lo(z Lo zm}luh@]
1
oF OF
gMyz——w Ihlle
Hence,
F(x+mi+h¢>—F<@@Q—JEh—Q%
1 oz oz
fo ) dt
or _ oF _(or _or
|J(x+h)—J(x) =] (x")h| +(am o *)h (‘% aﬂ'ﬁL*)h
12l 2 172l c2
1 : , : AF OF 1
<]5F<x+mx+m0—f(@ﬁg-ﬁﬂn—£hﬁ
B 1Al e
1 .
)5,
17| o2
R T P R
<
17| oo
OF OF
— M, ||h M, || & - &5
bl + M2 | 5= 5l
— 0

asx —xz*and h — 0. m
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Note that F' in Examples and lies in C2. Since € may be chosen arbitrarily small in the
proof of Theorem [3.40] the result applies equally well to functions F' which are defined only on an
open subset U C R3.

The definition of strict differentiability may also be applied to g : X — R™ verbatim. Strict
differentiability will be required in order to obtain an appropriate generalization of Theorem [2.18]
which in turn will play a role in developing the Lagrange multiplier method.

3.3.8 Equality Constraints and Lagrange Multipliers

Reference: Luenberger, Chapter 9
Consider the constraint set

Q:{x€X|g(x):O}

and define the Lagrangian
L: X xRxR"™—R,

according to
For each ;1 € R and A € R™, denote
SL(a*, p, ) = puéJ (%) — \'ég (z7),
L (2, \) = pJ' (z%) — \Tg (2%).
For the finite-dimensional case, recall that a constrained extremum of J at x* may lead to a
saddle point of L (-, \) at z*. The same can occur in the infinite-dimensional setting.

A function f : X — Y is onto or surjective if f(X) =Y. A vector x € Q is reqular if dg (x) is
onto. We can prove an alternative characterization of regularity.

Theorem 3.41 x € Q is reqular iff there exist hy, ..., h, € X such that the m x m matrix
[ g (x)hy -+ 6g(z)hm | (3.22)
18 nonsingular.

Proof. (Sufficient) Choose any y € R™. Since (3.22)) is nonsingular, we may define

v=_[0dg(x)h --- 5g(x)hm}_ly.
Let
H:[hl hm]
and h = Hv. Then
dg (x) h =69 (x) (Hv) = [ og(x)ha -+ g () hm Jv=1y.

Since y was arbitrary, dg () is onto.
(Sufficient) Since dg () is onto, for each unit vector e; there exists h; € X such that dg (x) h; = e;.
Then

which is nonsingular. =
The next result shows that finite and infinite-dimensional regularity coincide as long as g € C*.
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Theorem 3.42 Let X = R" and g € C*. Then z* is reqular iff %

has rank m.
:L.*

Proof. Applying Theorem to each g; yields

_ %

= h
ox

o *

dg (z*) h

From matrix theory, dg (z*) is onto iff it has rank m. =
Now we can generalize Theorem to infinite-dimensional problems.

Theorem 3.43 If X is a Banach space, x* € € is reqular, and g s strictly Frechet differentiable
at x*, then for every e > 0 there exists o > 0 such that

B(g(x*),d) Cg(B(z",¢)).

Proof. L. M. Graves, “Some Mapping Theorems”, Duke Mathematical Journal, 17 (1950),
111-114. =

Theorem 3.44 (Lagrange Multipliers) Let X be a Banach space and J and g be strictly Frechet
differentiable at z* € X. If J achieves a constrained local extremum at x* subject to g (x) = 0, then
there exist p € R and A € R™, not both zero, such that

L' (z*, u, A) = 0.
If x* is reqular, then we may set u = 1.
Proof. Let 7o)
x
T@= g }

Suppose z* is a regular point of f and let € > 0. From Theorem [3.43] there exists § > 0 such that

B(f(x%),0) C f(B(z",¢€)).

But X
for
()
leall” flexll )
SO

(J(x*)—ﬁ,J(x*)—i— 0 )CJ(B(x*,s)).

lexll

This contradicts the assumption that J achieves a constrained local extremum at z*. Hence, z* is
not a regular point of f. From Theorem [3.41],

det[ f'(@)er - f' @) em | =0,
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so there exist p and A, not both zero, such that
Lo AU f@)e - f(@%)en | =0.

For any

we obtain

L'z, N h=[ p /\T}{ ,((:))Z} (3.23)
f

[ AT f(@)er - f(@)en |
0.

Now suppose x* is a regular point of ¢g. If ;4 = 0, then A # 0 and
Mg (z%) = 0.

Since ¢’ (x*) is onto, for every y € R™ there exists h € X such that
g @ )h=y.

Hence,
My=X\¢ (z*)h=0,

yielding A = 0, a contradiction. Hence, p # 0. Dividing ¢ and A by p yields another solution with
i = 1. is a contradiction. In the latter case, 2z; = 0, which is a also contradiction. m

We say z* € Q is a critical point of L if x* is regular and there exists A € R™ such that
L' (z*,\) =0.

3.3.9 Terminal Manifolds

Let ¢ : R® — R be a C? function. In the calculus of variations framework, rather than imposing a
fixed end point constraint, suppose we merely require ¢ (x (0)) = 0. The set

6 (w) =0}

is called a terminal manifold. Note that this is the same as saying g (x) = 0, where g is the functional
g () = ¢ (2(0)). The Gateaux derivative of ¢ is

T:{wE]R”

_ 99
=0 - 8x (O)

h(0).

2+ (0)

Sg (+7) h = 206 (2" (0) + ah 0))|

x* is regular iff
99
8ﬂ®Lm
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Theorem 3.45 g is strictly Frechet differentiable.
Proof. For any norm ||-|| on R", x € Be2 (z*,¢) and h € Be2 (0,¢) implies
[ (0) = 2" ()]} < [lz — 27| <,
1B O)[] < [[llc2 <&
From Taylor’s theorem (Theorem ,

h<0>‘ < M, |[h(0)].

60+ (0) - ol 0) - 570

From Theorem

L) D¢ I 9¢
‘(835 (0) © Ox (O)Ix*(o)> h(O)‘ = M Oz (0)  Ox (O)Ix*(O) 1A O
Hence,
_ _ 99
et W —g@)—dgleyp |PEOFRO) =0 0) 3x(0)|x*(0)h<o>\
1Al oo |\ 1] o2
< 6 (@ (0) + 1 (0)) = 6 (x (0)) = 525k (0)]
= 1Bl
(5 #8120
+
1
MR O + M| o255 - 2] | IO
<
= s
Myl + e | 25— 2% |10l
<
= 1Bl
O 2

< M [|h|| g2 + Mo

92 (0) 9z (0)l=(0)

— 0
asx —zxz*and h — 0. m

Theorem 3.46 A regular point x* is a critical point of L iff there exists A € R such that

OF d (OF
] - == = 24
Ox L dt (aa': ) ’ (3249
for every t € [0,1] and
oF 0¢
il A2 =, 3.25
Orlo=ati=0  Ox (U)L*(m (3:25)
or = 0. (3.26)
Ox le=z*t=1
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Proof. The critical points are the solutions of

L /oF oF, - 0o
L ) = —| h+—| hldt— M\
() / (a +am*> 5 (0)

h(0) = 0.
z*(0)

Applying integration by parts,

L7oF d (OF oF OF
] - == hdt+ — h(1)—( =—
/0 (890 o+ dt(a:;:L*» O le=a* t=1 M (af};

for every h € X. Restricting to h with /4 (0) = h (1) and invoking the fundamental lemma (Theorem
3.15)), we obtain Euler’s equation (3.24]). Setting i (0) and h (1) arbitrarily, we obtain

99
+
r=x*,t=0 ox (0)

)h(()) —0 (3.27)

z*(0)

OF 96
- + =0, 3.28
Oxlw=c=4=0 O (O)L*(m (3:28)
F
or — 0. (3.29)
Oz le=z*t=1

Conversely, substituting (3.24)), (3.28]), and (3.29) into (3.27)) yields equality. m
Equation (3.25)) is called a transversality condition.

If we impose a terminal manifold at ¢ = 1 rather than ¢ = 0, we obtain the critical point

conditions oF 4 /OF
Sl - (5 ) =0
81’ o * dt ax *

ag; =z*,t=0
or, %
Oz le=art=1 0z (1)l=(1)
x* is regular iff
¢
Ox (1)L*(1)

We may also impose terminal manifolds at both endpoints, determined by functions ¢g and ¢;. In

this case,
= 20io) ]

and the strict Frechet derivative of g is

0
oy @ | @0 (27 (0) + ah(0)) _ | 92O h(0)
(z)h = da | ¢ (z* (1) + ah (1)) } |a:0 B Y Jo1 { } ' (3:30)

An analysis similar to Theorem [3.46] yields the conditions

oF d (OF

acl (i) =o
OF Do

— Fh—] =0
o L:x*,t:o Kz (O)L*<0>
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oF 06,

gil—eramr Oz (D
x* is regular iff the 2 x 2 matrix in (3.30]) is nonsingular or, equivalently,
Ao 01
0, 0.
0z (0)le+(0) T (1)|z*(1> 7

Example 3.27 Find the curve x* : [0,1] — R? that minimized the distance between the line
po(x) =29 —21—1=0

at t = 0 and the parabola

$1(x) =2, —253=0

2 .2 T
ds:\/dt2+daﬁ+dm§:\/1+x1+x2 dt=V\1+2z z dt,
we obtain the integrand
. / T
F(x,x): 1+z =

d%
533(0)[1*(0)_[ 1 1}7&()»

91 _ _op
WL*@_ [1 —2z,(1) | #0.

The critical point conditions are

att=1. From

Every point is reqular, since

T T
d x x
A [ [ — (3.31)
T\ V14" <1+:i:T:i:)2
T 0
* O a1 1]=0
T
Vit (0)0)
.T(l)
x
— X[ 1 —2z,(1) ] =0
Vita W)
From,
() =a+ bt
for some a,b € R%. Then
M+)\1[—1 1}:0’
V1+b+ b3
[0 )



ay —|—b1 — (CL2 +bg)2 = 0,

which consists of six equations in six variables. Solving simultaneously yields

The optimal end points are

3.3.10 Integral Constraints

In calculus of variations problems, we may also encounter an equality constraint of the form

g(m)—/olG(x,i,t) dt = 0.

If we assume G € C?, then Theorem [3.40] guarantees that g is strictly Frechet differentiable. The
derivative is given by

. 110G oG, -
6g(a:)h/0 (% h—i——,x*h)dt

o Ox
e d (0G oG oG
/; (33;’ lz* dt (agj x*)) ax =x*,t=1 ( ) ax r=x*,t=0 ( )

Theorem 3.47 x* € () is reqular iff at least one of the following conditions holds:
oG d ( oa
v (%) 20
2) 8—GL 0
=x*,t=0

oz
3) % 0
Ox L:x*,t:l 7&

Proof. g (z*) : X — R is clearly linear, so dg (2*) is onto iff there exists h such that dg (z*) h #
0. If 1)-3) all fail, then §g (z*) = 0 and z* is not regular. Conversely, if 1) holds, then the fundamental
lemma (Theorem [3.15) guarantees that there exists & such that h (0) = h (1) = 0 and dg (z*) h # 0.
If 1) fails but 2) holds, choose any h such that

1
N 8_GL
0z |y—yx t=0

and h (1) = 0. If 1) and 2) fail, but 3) holds, choose h such that

h(0) =

A pp—

oz

r=x* t=1
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In either case, dg (z*)h =1. =
For an integral constraint, the Lagrangian is

L(z,)) —/01F<:c,:t,t) dt—)\/olG(x,éc,t) dt.

Applying integration by parts and the fundamental lemma in the usual way leads to the critical

point conditions
OF d [(OF 0G 0G
a—m‘%(ax*)”(a—xL “(ax ))’ (3.32)

oF _ )%
8m =z*,t=0 a;p —w*,t:O’
8_F oG

o L:z*,t L AQL_MZ{ (3.33)

Example 3.28 Find the curve x* mazximizing

subject to
1
/ 2
0
Setting
G (a:,x,t) =% 1,
we obtain
oG 0
ox

Since x = 0 does not lie in ), every x is reqular by Theorem part 1). Equation yields
1 =2\x.

The boundary conditions are trivial, so we need only compare the extremals

1

2

:E*

to the constraint

472 t_w:l’

yielding \ = :I:% and x* = £1. Obviously, the marimum must be nonnegative.
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3.3.11 Non-strict Inequality Constraints

Consider a non-strict inequality constraint
Q:{xEX|g(x)20},
where g : X — R™ is strictly Frechet differentiable. As in the finite-dimensional case, write
g1

9m
Partitioning the constraint set

Q=J(@n0..),

allows us to apply Lagrange multipliers to each piece separately. Theorem (and its proof)
applies to the infinite-dimensional setting verbatim:

Theorem 3.48 If g is continuous, * € Q. N, , and J achieves a constrained local extremum at
x* subject to Q, then J achieves a constrained local extremum (of the same type) at x* subject to

Q.

Setting
L (l’, K, )‘) = /JJJ (l‘) - )\Tgﬂ"

we say x* € (0 is a critical point of L if x* is a critical point of L.

Theorem 3.49 (Kuhn-Tucker Theorem) Let X be a Banach space and J and g be strictly Frechet

differentiable at x* € Q. If J achieves a constrained local extremum at x* subject to g (x) > 0, then

x* is a critical point of L. If the extremum is a constrained local minimum (maximum) at z*, then

A>0(A<0).

Proof. Apply Theorems [3.44] and [3.48] The sign of A is proven in Luenberger, Section 9.4,
Theorem 1. m
In this setting, z* € 2, N Q

=, is regular if 6g. (z*) is onto.

3.3.12 Integral Constraint with Inequality
Let

and consider the constraint

Q) consists of two components:

Q={g(z) >0} U{g(z) =0}.

A point z* € Q is regular if either g(z*) > 0 or one of the conditions in Theorem holds.
According to the Kuhn-Tucker theorem, we need to check for critical points of J with g () > 0 and
then apply Lagrange multipliers to

Ly (2,1, A) = pd (z) — Ag (2) -
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Example 3.29 Find the curve of minimum length connectingt =0 and t = 1 subject to
z(1) > 2 (0)+ 1. (3.34)
Fei)=Vi+i
G (z,0,t) =2 -1

For g (z) >0, Theorem states that the critical points of J are the solutions of

Hence,
x(t)=a+0bt
with b = 0. But this contradicts g (z) > 0.
Under g (x) = 0, Theorem|3.47, parts 2) and 3) guarantee that every point is reqular, since 2¢ = 1.

. - ox
From —, the critical points are the solutions of

.2

1+a (0)_

(1)

1+:i:2(1)

A,
A,

and the constraint. These lead to

Since A > 0, J does not achieve a maximum at z*.
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3.3.13 Mixed Constraints

The methods above can also be used to handle combinations of the various kinds of constraints.
For example, suppose we have a combination of end point and integral constraints:

I (a:,g';,t) dt
g(x) = z(0) —a
z(1)—b

If G is linear, then ¢ is affine and the problem can be reduced to an unconstrained one. In fact,
even for nonlinear GG, the end point constraints can be eliminated by shifting and redefining the
underlying vector space. However, it is perhaps simpler to just apply Lagrange multiplier techniques
to the given problem.

Theorem 3.50 z* € () is reqular iff

oG d (0G

g1 (z) = /01 G <3:,5c,t> dt.

Proof. Let

The derivative of ¢ is

0g(z*)h=1| h(0) |,
h(1)
where
e d (0G oG oG
) Vh = — - = — hdt + — h(l) — — h(0).
91" /0 (3x e dt <8:'c L)) O e=a* =1 @ O ke=a+ t=0 ©
According to Theorem [3.41], z* is regular iff the 3 x 3 matrix
(Sgl (SIZ'*) hl 5g1 (l'*) hg 5g1 (.I'*) hg
[ dg (@) ha Og(a*)ha 0g(2*)hs | = |  hi(0) h2 (0) hs (0)
ha (1) ha (1) hs (1)
is nonsingular for some h;. If
oG d (0G
ol (5l 20 (3:39)

then the fundamental lemma guarantees that there exists h; such that hy (0) = hy (1) = 0 and
dg1 (x*) hy # 0. Then we need only choose hy and hsz to make

[0 1 0]

nonsingular. Conversely, if (3.35) fails, then

1 -9G oG
O r=x*,t=0 Oz L:x*,t:l 0
0 0 1 hi (1) ha (1) hs(1)
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is singular. m
Differentiation of the Lagrangian yields

1 OF oF ! oG oG
L(z* = -2 - or
OL (% i, A) h M/o ((‘93: dt(&x ))hdt )\1/0 ((‘33: dt(&c ))hdt

oOF OF oG oG
+ h(l)— — h(0)) =M | — h(l) — — h (0
,u(aq; =x*t=1 () a.xx x*,t=0 <)) 1<a;t'|1:x*t 1 (> 81; =x*,t=0 ())

~ Xoh (0) = Ash (1).

Hence, the critical point conditions are determined by

ELE) ) e

OF oG

o= AN
or z*,t=0 O le=x* t= 0
Ox le=z*t=1 aq;:v T* t= 1

We may treat Ay and A3 as extraneous variables, making (3.36} - the only relevant condition.

Example 3.30 Design a trough spanning (x,t) = (1,0) to (1,1) with unit breadth and surface area

5 such that it holds mazimum water. The problem corresponds to the functionals

z(l)—1
The reqularity condition is
oG d [(0G d T T

_E .2__ .2\ 2
1+ (1+az>

Hence, the only possible nonregular points have the form
z(t) =a+ bt

But then
Jy (VI+02 - 1T)adt
g(ﬂ?): a—1 207
a+b—1

which tmplies a =1, b =0, and



which is a contradiction. Consequently, every point in the constraint set is regular. The critical
point condition 1is

d =z
—1=-A—-—
Ydt i)
1+
Obuviously, \1 # 0, so
d z 1
dt [ 2 N
14+
ot N
AQ—)\I “
V1i+x
2 (t+ chp)?
A2 — (t4c\)?
t‘f‘C)\l

r== ,
VA (4 en)?
T = :F\/Ai — (t+c\)” +d,
(z —d)® + (t+c\)* = N2,

which describes a circle. The second and third constraints state that the circle passes through (0, 1)
and (1,1) :

(1 —d)* + (cA)? = A2 (3.37)
(1 —d)*+ (1+ch)* = A2 (3.38)
Subtracting from yields
cA\1 = —%.

In terms of the angle 6 subtended by the circular arc, the length of the curve is

1 .2 T
|)\1|9:/ T
0 2

From trigonometry,

N

Sln§—m—;,
SO

O=m, AN ==x=

From ,



3.3.14 Variable Initial and Final Time

Another extension of the theory is to allow the end points of the time interval on which x is defined
to be variable. Let X be the set of C? functions z : [tg,1] — R, where ¢, < 1 is a variable
(i.e. dependent on z). Unfortunately, addition is not defined for two functions with different ¢,
so X is not a vector space. Hence, there is no way to define a norm on X, and local extrema
have no meaning. We are restricted to considering only global extrema. Although our previous
techniques do not apply directly here, we can avoid these difficulties through “state augmentation”
and reparametrization.
Consider the Banach space Y of C? functions y : [0, 1] — R? and write

0= ]
We restrict attention to the set
0 — {y€Y|y2(O) <1, %(0) >0 Ve [0,1}}.
By Theorem (2 is open. y, may be viewed as a reparametrization of time:
t=ys(0). (3.39)
Theorem 3.51 If f : [0,1] — R lies in C? and f' (0) > 0 for every 0, then f is one-to-one, f~!

lies in C?, and
1

A0

Proof. Suppose f is not one-to-one. Then there exist a,b € [0,1] with a < b such that
f(a) = f(b). From the mean value theorem (Bartle, Theorem 27.6), there exists 6 € (a,b) such
that

T (f71 (@)

(b—a) ' (6) = £ (b) — f (a) 0.
Hence, f’(6) = 0, which is a contradiction. Hence, f is one-to-one and
fHF0), F ()] = [0,1]
exists. From the inverse function theorem (Bartle, Theorem 41.8), f~! € C! with

d

—1 1
- (1)

~ )

for every ¢t € [f(0), f (1)]. But f' € C*, so
P YA U
2 W) T O PO

Since f~!, £, and f” are continuous, f~' € C?. m
In view of Theorem [3.51, y € Q; implies 3, € C2. Thus we can define a map

Im:9, —- X

81



according to

M(y) =yio0yy " (3.40)
In other words, y € €; determines a unique function x : [ty, 1] — R given by
z(t) = (v (1), (3.41)

where tg = yo (0) . Conversely, for any C? function z : [tg, 1] — R with ¢y < 1, we may set

Y2 (0) =to+ (1 —10)0 (3.42)
e (1 )
v = ") |
Then
Y2 (O) = to <1
and

yg(ﬁ)zl—t0>0
for every 6 € [0,1], so y € Q; and
M(y)=zoyoy,' =

This argument shows that II maps €2; onto X. The map is not one-to-one, since many different
choices of y; and y, yield the same z in (3.40). For example, we may replace (3.42)) with

y2 (0) = to + (1_2t°)9(1+9).

Now consider the effect of the map II on cost functionals

J () :/t1F<:E,js,t> dt.

0

The change of variable (3.39)) yields
dt = v () d6, (3.43)

From theorem (3.51},

(3.44)

Define

== [ (y 0). j—giy <e>) o, (6) db.

Then each y € €2y maps into an x € X with the same cost. Hence, every global extremum z* € X
corresponds to a global extremum in y* € Y with IT (y*) = 2*. Since II is not one-to-one, y* is not
unique. However, extrema need not be strict in order to apply Lagrange multipliers.

Let

F(y,y)=F (yl, y—},yz) Y.
2
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Then _
8_F:[@ a_ﬁ]:[apl or |

By dy1  Oys ard2 ot Y2
3_F:[a_ﬁ or |~ [oe p_oey ]
oy’ Oy Oy o ox Y2 |’
so Euler’s equation becomes
oF oF
3.45
ox i do < o ) ( )
OF d oF
or 4 (p_9Fun) (3.46)
ot do ox Ya

In view of (3.43]), we may divide (3.45]) by 35 to obtain the original form of Euler’s equation

oF _d (oF
or dt \ g5/

Dividing - by v and applying (3.43)) and ( - yields

a_F:i<F_6_F¢)

ot dt o
aF oF oF d (OF oF .
o %$+8___t<_)$_£$
_OF F
e+ (5w (5))e
_OF
E’

which provides no information.
Without any additional constraints at # = 0, we have the boundary condition

OF oF . .
G [ F(a(t),a(t),to) — 28 to) | =
0y'|6:0 [ D ly_y, (x (to) @ (to) , to) - t:tom( 0) ] 0
or, equivalently,
8—1.7 =0, (3.47)
Ox lt=to
. or .
Ox lt=to

At 6 = 1, (3.41)) implies y; (1) = x (1) so we must apply the end point constraint ys (1) = 1. This
defines a terminal manifold corresponding to

o1 (y (1) =y2(1) = 1.

Every y € Y is regular, since

¢

ay(l):[o 1]#0.
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The transversality condition is

5 oF d
[ ] g

(cf. equation (3.25))). Equivalently,

[ Z F(g;(1),¢(1),1)—8—FL:1M+A | =0

ozl oxf_q v2(1)

The second entry merely provides the value of A, leaving us with
oF
Ox =1

Equations (3.47)) and (3.49) are just the usual boundary conditions encountered when there are no
end point constraints. Condition (3.48)) is unique to the variable initial time problem.
If to = 0 and t; is variable, a similar analysis yields Euler’s equation and the boundary conditions

oF, _oF

=0. (3.49)

: L -l =0
Oxt=0  Qxlt=tx
along with the extra equation
: or, .
F(z(t),z(t),t)=— x(t). (3.50)
Ox li=t,

If both ty and ¢; are variable, then both (3.48)) and (3.50) must be applied.
Various constraints may be imposed on this general framework. For example, end point condi-
tions

x (to) = a,
x(l)="b (3.52)

map to the manifold constraint

and the final end point condition

Every y € Y is regular, since

The transversality condition is

(8 1Ly - (8, Fewa- 8] 0]

or
. OF .
F (CL‘ (to) » L (tO) 7t0) = — x (to) .
ox t=to
Hence, we retain (3.48)) and replace (3.47)) by (3.51). The final end point constraint replaces the

terminal manifold ¢1, so (3.49) is replaced by (3.52)).

84



Alternatively, we may require that the initial value x (¢y) lie on a manifold

o (z (to) ;o) = 0. (3.53)

Note that the manifold is time-varying, since ¢y depends explicitly on #o. This constraint can be
equivalently imposed on y (0) by defining ¢, : R*> — R according to

50 (y(0)) = o (y1 (0) , 52 (0)).
The Jacobian of ggo is

Do _[ d60 %]

83/ (0) - ax(to) Otg
A point y € Q is regular iff either
do
0 3.54
91 (1) # (3.54)
or 96
0
— #0. 3.55
o " (3.55)
The transversality condition is N N
or 0
—,l + %o =0.
y'l—o Oy (0)
In terms of z,
oF " _ oF y b0 Opo | _
{ o (= (t0) 2 (to) o) o ) } K- AR (3.56)

If (3.54) holds, then we may solve for A\ from the first entry in (3.56)) and substitute it into the
second to obtain

< oF, . to) O¢o _ 09 OF (3.57)

F(z(to), 2 (to) ,to) — — Or (ty) Oty gh=t

: x
Ox lt=to

Similarly, if (3.55]) holds, we may eliminate A from the second entry and substitute it into the first

to obtain (3.57)). If ¢; is variable, we also have the condition

, oF, . 0 0y OF
F(a(t),&(h),h) - — t T Ot phen
( (@ (t1) 2 (t1) , 11) P t:tlx ! ) 0z (t1)  O0t1 91 h=n

(3.58)

Example 3.31 Find the curve of minimum length joining the manifolds
T (to) = t%a

T (tl) = tl —1.
In this problem n = 1, the integrand is

.2

F <x,5c) =\V1+z,
and the manifolds are described by
¢o (v (to) , to) = x (to) — 5,
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1 (z(t),t1) =2 (t) —t1 + 1.

FEuler’s equation is

d x T
0 dt 2| PN
14+ <1+x>
yielding
T =c+dt.

The transversality conditions are

<F (z (to),x (to) , to) — Z_itztoi <t0)) Ox (to) Oty 9 h=to

. oF : 0 0P OF
(Famm.m- 20 ) o =500

from which we obtain

to yield the solution

1
d:—]_, t0_§a
1 1
C—izl'(to):t?):z,
3
C= —
4a
3
Set=a(t) =t —1
1 1 1’(1 1 )

3.3.15 Second Derivative Conditions

Recalling Example , the second derivative sufficient conditions (Theorem are not applicable
to calculus of variations problems framed in C?. Furthermore, as in the finite-dimensional case, J
having a constrained extremum at z* does not guarantee that L (-, \) has a local extremum at z* for
any \. Hence, Legendre’s condition (Theorem is the only appropriate use of second derivatives
for variational calculus in C2.

Applicability of Second Derivative Conditions

Unconstrained | Constrained
Necessary Yes No
Sufficient No No
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3.4 L? Theory
3.4.1 Functionals on L?

Besides C2, another important space in which calculus of variations problems can be posed is L? :

X:{x:[(),l}—d[q /01x2(t)dt<oo},

ol = / 22 (t) dt.

It can be shown that X is a Banach space. One disadvantage here is that many L? functions are
not differentiable, so the cost functional J cannot depend on z :

J(z) = /0 1 F(x,t)dt (3.59)

(We will see later that problems where F' depends on x can be handled in the “optimal control”
framework.) Another disadvantage is that varying x (f) at a single value of ¢ does not affect J, so
imposing constraints on z (0) and x (1) has no meaning. L? analysis works best for problems with
an integral constraint.

Suppose F' € C? and that there exists M < oo such that

|F (z,t)| < Ma?, (3.60)
OF (x,t)
—— < .
‘ o '_Mm, (3.61)
O?F (z,t)
— T I< .
3 ‘ <M (3.62)

for every € R with |z| > M and every t € [0, 1] . These assumptions ensure that the cost functional
(3-59) and the integrals

LOF

Lo2F
h = ——Rh2dt
J2 (x> 0 61’2

all exist. J; and .J, are the obvious candidates for the derivatives of J.

Theorem 3.52 J is strictly Frechet differentiable with J' (x) = Jy (z) for every x € X.

3.4.2 Second Derivatives

Unfortunately, assuming F' € C? and (3.60))-(3.62)) is not enough to guarantee that .J is twice Frechet
differentiable.
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Example 3.32 Let
F (x) = 2% arctan z.

Then )
F'(x) = 2z arctan z + T i ot
2z (2 2
F"(x) = 2arctanz + M
(14 22)
Since
larctan x| < 7,
' ()] < 5o,
2
2
|F' (2)] < 2|z||arctan z| + 'l—lai:ﬁ <mlz|+1<4|z]; |z| >4,
2
z)| < 2|arctanz| + M < 4.72.
B (0)] < 2 farctan] + 2!
14 22
For z* =0,
J (% +h) = J (x*) — [y F' (a*) hdt — L [} F" (z*) h2dt
I1R]*
Jo (F (" +h) — F(z*) — F' (¢*) h — LF" (%) h?) dt
1R]1*
B fol h? arctan hdt
1]
Let )
071, 0<t<d
hs (t) = T
s () { 0, d<t<l1
Then
1 5 )
hsl* = / h*dt = / d"2dt =62 — 0
0 0
as 6 — 0, but

1 § o1 1
h? arctan hsdt 572 arctan 6z dt
Jo 1 = Js — arctand 2 — E,

Ihs])” o2 2

so J is not twice Frechet differentiable.

We can prove a weaker result which will lead to necessary conditions on the second derivative.
Theorem 3.53 J is twice Gateaux differentiable with 6*J (x) = Ja () for every x € X.

Theorem 3.54 1) If §2J () > 0, then 25| >0 for every t € [0,1].
2) If 6%J (z*) > 0, then %QTEL* >0 for every t € [0,1].
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Proof. 1) Suppose
O*F
022 [~
for some ty € [0,1]. Since F' € C? &L is continuous, so there exists a,b € R such that a < to < b

re
and (3.63)) holds on (a,b) . Let

<0 (3.63)

1, a<t<b

h(t) _{ 0, else

Then h € X and b o
0‘F
2 *
5J(x)h:/awx*dt<0,

contradicting 6%J (z*) > 0.
2) Similar to part 1). m
The applicability of second derivative necessary and sufficient conditions is the same as in the case

X =C~

3.4.3 Integral Constraints

Now consider an integral constraint

where G € C?,
|G (x,t)] < Ma?,
'M‘ < Mal,
ox
0?G (z,1)
0x?

By Theorem g is strictly Frechet differentiable with

< M.

toa
1o .
g (x )h—/0 _8£L*hdt'

Applying the Lagrange multiplier theorem (Theorem [3.44)) yields

J (x*)h — g (%) h = /01 <(?)_];L _ ,\%L) hdt =0 (3.64)

for every h € X. We need a fundamental lemma applicable to problems in L?.

Theorem 3.55 (Fundamental Lemma in L?) If v € X and

1
/ vThdt =0
0

for every h € X, then x = 0.
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Proof. Setting h = = yields

1
lz|* = / a'xdt = 0.
0

Since the norm is positive definite, z = 0. m
Applying Theorem [3.55| to - 3.64)) yields

0xL _/\— . (3.65)

(Compare equations (3.32)) and (3.65).)

3.4.4 Quadratic Cost

Let
X = {a:: [0,1] - R"

1
/ zlxdt < oo} ,
0
1
||| = / xTxdt.
0

Recall that a functional J is quadratic if there exists a bilinear functional K such that J(z) =
K (z,x) for every x € X. In particular, let @ : [0, 1] — R™*" be continuous and

1
K (z,y) = / 2T P (t) ydt.
0
Then

K(x—i—z,y):/o (x—i—z)TP(t)ydt:/O xTP(t)ydt+/0 AP () ydt = K (z,y) + K (2,y),

K(w,y—l—z):/o xTP(lf)(y—i-z)dt:/O :UTP(t)ydt+/0 e'P () zdt = K (2,y) + K (,2),

so K is bilinear. Setting
F(x,t)=2"P()x

yields a quadratic cost functional
1
J(z) = / o' P (t) xdt. (3.66)
0
Note that, since P is continuous, there exists M < oo such that
1P ()] <M
for every t € [0,1].

Theorem 3.56 J is continuous.
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Proof. The result follows by observing that

|J (x) — J (z")| = /0 (TP (t)z — 2™ P (t) z*) dt‘

/01 ((:1: — ) Pz +2TP () (v — x*)) dt‘

g/ol‘(x—a:*)TP(t)x‘dt+/ol

1 1
S/ 1P @O llz = 2| ||fv||dt+/ PO = |z — 27| dt
0 0

< Mz =7 (]l + fl=7]])

— 0

P (t) (x — 2*)| dt

asr — 2.
Functionals of the form (3.66)) are particularly suitable for L? analysis.
In view of Theorem [3.10], J is twice Frechet differentiable with

J’(w)h:K(x,h)—l—K(h,x):/1xTP(t)hdt+/lhTP(t)xdt:/1xT (P (t)+ P"(t)) hdt,

J"(x)h =2J (h) = 2/1 hT P (t) hdt.

Theorem 3.57 Let x € X.

1) J"(x) >0 4ff P(t) >0 for everyt € |
2) J"(x) <0 iff P(t) <0 for every t € |
3) J" (x) >0 iff P(t) >0 for every t € |
4) J" (x) <0 4ff P(t) <0 for everyt € |

)

’

0,1]
0,1].
0,1].
0,1]

Proof. 1) If P (t) > 0 for every ¢, then
RY(t)P (t)h(t) >0

for every t € [0,1]. Hence,
1
J" () h =2 / KT P (t) hdt > 0.
0

Conversely, if P (t) # 0 for every t, then there exists v € R" and ¢; € [0, 1] such that vT P (t;)v <
0. Since P is continuous, there exists an interval (a,b) C [0, 1] such that vTP (t;)v < 0 for all
€ (a,b). Setting

h(t):{v’ a<t<b

0, else

yields h € X and
b
J" () h = 2/ v P (t) vdt < 0.

2) Apply part 1) to —J and —P.
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3) From Theorem P (t) > 0 implies that every eigenvalue of
Q(t)=P(t)+ P (1)
satisfies A; () > 0. Since @ is continuous, the eigenvalues are continuous, so Theorem guarantees
that there exists ¢ > 0 such that \; () > € for every i and ¢. Hence, the eigenvalues of @ (t) — e/
satisfy \; (t) —e > 0, making Q (t) — el > 0 for every ¢ and
vTQ (t) v > ev’v

for every v € R" — {0} and ¢ € [0,1]. Thus

1 1 1
J”(m)th/O hTP(t)hdt:/O hTQ(t)hdt>s/0 hThdt = ¢ ||h|

for all h # 0, so J” (z) > 0.
Conversely, if P (t) # 0 for every ¢, then there exists v # 0 and ¢; € [0, 1] such that v7Q (¢;) v < 0.

Ift; >0, let
. v, 11— o<t< 3]
ha () = { 0, else

Then hs € X for every § > 0. Since P is continuous, for every € > 0 there exists § > 0 such that
t € [ty — 6, 11] implies v" P () v < Sv"v. Hence,

t1
J" (x) hs = 2/ v P (t)vdt < edv’v,

t1—0

1 t1

g2 = / WL hadt = / oTodt — 50",
0 t1—9

SO

J" (x) hs < & |hs]|”,
violating positive definiteness of J” (x). If t; = 0, let

v, 0<t<d
hs (t):{ 0, else

and apply similar arguments.
4) Apply part 3) to —J and —P. =

Example 3.33 Let

1 2t
PO =y %]
Setting
Q=P+P,

Ezxtrema must satisfy
2 2 [ ] [ 20 i) |
Q“”‘[% 22&2]{:52]_{%(1:1“@) =0

x*(t):a{_lt]

for any a € R. Q (t) is positive semidefinite for every t, so J" (z*) is positive semidefinite for every
a. This means that the x* cannot be mazima. @ (t) is not positive definite, so J" (x*) is not positive
definite. Thus the sufficient condition for a strict local minimum fails.

yielding
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3.4.5 Quadratic Cost and Affine Constraint

One of the most common scenarios in optimization theory involves quadratic cost and affine con-
straint. Let

J(z) = /01 o' P (t) zdt,

g(x):a—l—/o y? (t) zdt

for some a € R and y € X — {0} . From Theorem [2.3]

1
/ ly" (t) x| dt < oo,
0

so g (x) is well defined. Setting

a
T
yields
1
a
glan) =a= g [ 0w di=0.
1l Jo

Hence, we may reformulate the problem on the vector space

B 1
X:—xo+Q:{x€X|/ yT(t)xdt:()}
0

with cost

J(z) = J (z + x0)

1

(z+zg (1) P(t) (z+z0(t))dt

J
/leoT(t)P(t)xo(t)dtJr/leg(t) (P(t)+pT(t))$dt+/leTP(t)$dt
=C+/01ZT(t)xdt+/01xTP(t)xdt,

where .
c= / xd (t) P (t) 2o (t) dt,
0
[ = (P"+ P) .

From Theorems [3.22] [3.23, and J (z) is twice Frechet differentiable with

J (x)h = /0 g (t) hdt + /0 lx(t)T (P (t) + PT (1)) hdt, (3.67)

1
J" () h =2 / KT P (t) hdt.
0

According to Theorem [3.57} if P (t) > 0 for every t, then J does not achieve a constrained maximum
at any critical point. If P (t) < 0, then J does not achieve a constrained maximum. If P (¢) > 0
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for every ¢, then J achieves a strict constrained local minimum at every critical point. If P (t) < 0,
then J achieves a strict constrained local maximum. N

Unfortunately, Theorem is not applicable here, since X # L?. A better approach is to return
to the original formulation in terms of J and ¢ and apply Lagrange multipliers. From Theorem

.40, J is strictly Frechet differentiable. Since g is affine, Theorem [3.8| implies that ¢ has Gateaux
derivative

5g(x)h—g(h)—a—/0 yT (t) ht.

We can establish strict Frechet differentiability of g with the aid of a stronger version of the Cauchy-
Schwarz Inequality.

Theorem 3.58 (Cauchy-Schwarz Inequality) If x,y € X, then

1
/ y%dt' < Jl2ll Iyl
0

Proof. Luenberger, Section 3.2, Lemma 1 m

Theorem 3.59 1) g is continuous.
2) g is strictly Frechet differentiable.

Proof. 1) By the Cauchy-Schwarz inequality,

19(2) — g(2")] = / o7 (1) (z — o) dt

< lly @[z = =7

—0

as r — x*.

2) For any x,h € X with h # 0,

g(@+h) —g(@)—dg@)h _ fy (y" () (@+h)—y" )z —y" ()h)dt
17 17l

= 0.

[
Applying Lagrange multipliers (Theorem [3.44}), the critical points z* must satisfy

1 1
Jﬂﬂﬁfwjuﬂhz/m”@%ﬂ+ﬁ%Mhﬁ—A/gF@hﬁzO
0 0

From the fundamental lemma (Theorem [3.55)),

(P"+P)a*— Ay =0. (3.68)
If P is definite, then P (t) + P (¢) is nonsingular for every ¢ by Theorem In this case,

= A(PT+P) 'y,

1 1 »
g (2") :a—i-/ yT(t)x*dt:a—i—)\/ y7 () (PT (1) + P (8) "y (1) dt = .
0 0
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Assuming y # 0, we obtain
a

Jo " (PT+ P)'ydt’
a ~1
= — P 4 + P Y,
Jo yT (PT + P) "yt ( )
which must be a strict constrained local extremum. If P is merely semidefinite, then P” + P is
singular and the critical points must be found by solving (3.68) and g (z) = 0 simultaneously.

A=

4 Optimal Control

4.1 [? Theory
4.1.1 Lagrange Multipliers

To handle problems in optimal control, we must generalize the Lagrange multiplier framework. Let
X and Y be Banach spaces and consider cost and constraint functions

J: X =R,

g: X =Y.

Since g is a mapping between infinite-dimensional spaces, we refer to it as an operator. The theory
of differentiation of operators is much the same as for functionals:

g(x+ah)—g()

— 0 h
- g(z)h,
g tan) —g@) = dg@h Lo,
« 2
as a — 0;
glzth) =g —g@h
|2l
glx+h)—g(x)—g (x)h— 39" (x)h
p) —0
|7l
as h — 0. The first Frechet derivative is strict if
glzt+h)—g(@)—g'@@)h

7]

as * — z* and h — 0. All preceding results on derivatives of functionals (Theorems (3.4)-(3.10)
and —) carry over verbatim to operators. The notion of regularity is also the same: z*
is reqular if the linear operator

g@): XY

is onto.
We will perform our analysis in the space of L? functions

1
/ alrdt < oo} ,
0

X:{x;[o,uﬁw
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1
Y:{y:[O,I]ﬁRk|/yTydt<oo}.
0

In order to define the Lagrangian, we need the inner product of any two vectors w,x € X :

1
(w, ) :/ T wdt.
0

Note that
|zl = v/ {z, z).

Similar statements apply to Y. In this context, the Lagrangian is
L: XXRxY — R,

We denote
L (2,0, \) = pJ' (x) — (g (x), A) .

Theorem 4.1 (Lagrange Multipliers) Let J and g be strictly Frechet differentiable at x* € X. If J
achieves a constrained local extremum at x* subject to g (x) = 0, then

L' (x*, u, \) = 0.
If x* is regqular, then we may set u = 1.
The proof is essentially the same as for Y = R™. (See Theorem [3.44])

4.1.2 Differential Equations

The advantage of allowing ¢ to map into an infinite-dimensional space is that now we can handle
differential equations. Let

1
U:{u:[O,l]—WRm| / uTudt<oo}
0

v(t)=f(z(t),ult)), (4.1)
z (0) = xy, (4.2)

and consider the constraints

where z € X and u € U. In control theory, the differential equation represents the dynamic system
or “plant” that we wish to control.

The first issue we face is differentiability of z. It is an unfortunate fact that many L? functions
are not differentiable. (For example, consider the unit step.) For this reason we must rewrite (4.1))
in an L?-friendly form.

Theorem 4.2 Suppose f is continuous and there exists M < oo such that

1 (€ )l < M (lIEl” + IvI1”) (4.3)
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for every € € R, v € R™ with ||€]|> + ||v||* > M.
1)
1
|t @ u o< o
for every x € X andu € U.
2) The function y : [0,1] — R"™ given by

t
yi) = [ £
0
belongs to X and is differentiable for “almost every” t.
Theoremtells us that, if f satisfies the quadratic bound (4.3)), then we may integrate through
the differential equation (4.1)) with (4.2) to obtain
t
z(t) —zo = / f(x(r),u(r))dr. (4.4)
0
The integral equation (4.4)) is equivalent to (4.1))-(4.2). Theorem guarantees that the right side
of (4.4) belongs to L? whenever x € L.
4.1.3 A Maximum Principle

Perhaps the simplest optimal control problem may be stated as follows. Let

J: X xU—-R,

g(zu) ) =z(t) —zo— | f(x(r),ulr)dr, (4.5)

where 7y € R". Typically, we assume F € C? and f € C! so that we can take the Jacobian and
Hessian of J and the Jacobian of f. It is easy to show that X x U is a Banach space. We further
adopt the assumption (4.3) to ensure that g is a well-defined operator on X x U.

We wish to find the extrema (z*,u*) of J subject to the equality constraint

(", u*) € Q = {(a:,u) e X ><U|g(:z:,u):O}.

Applying Lagrange multipliers,

d 1
J (x5 u*) (h, k) = —/ F (2" + ah,u* + ak) dtl
do 0 =0

L/7OF F
[ e
0 \ 0Tl w)y — Oul@rur

g (z*,u) (h, k) = d (x*~|—ah—a:0—/f(x*+ah,u*+ak)dr)|

da
— - / <g of k) dr.
ox (2% u*)

h+ 2
(An integral written without limits denotes an indefinite integral.)

=0

(gc* 7u*) au
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Theorem 4.3 Let A : [0,1] — R™" be continuous and & € X. Then there exists x € X such that

for every t € 0,1].
Proof. Let ® be the state-transition matriz of the time-varying linear state-space system corre-
sponding to A — i.e.
oo (t,7)
ot

=A@t)®(t,7), P(r,7)=1
with ® € C'. Let

Then

n
Theorem 4.4 Every (z*,u*) € Q is regular.
Proof. Setting

4 9f
Oz )

in Theorem [4.3] shows that for every £ € X there exists h € X such that

g/ (ZC*, u*) (h7 O) =¢.

Hence, ¢’ (z*,u*) is onto. m
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The critical points are the solutions (z*,u*) € Q of the equation

L' (x*u*, \) = J (5, u*) — (¢ (", u"), \) (4.6)

1 1
:/ or h+3—F k dt—/)\T h—/ of h+8f k) dr)dt
0 ax (x*,u*) au (:v*,u*) 0 ax (.’L‘*,’u,*)

@) Ou
—0

for every h € X and k € U.
Setting k£ = 0 yields

1 1
/ a—F hdt — / A\ <h — / (9_f
0 8LU (2% ,u*) 0 (91‘

for every h € X. Define the costate

hdr) dt =0 (4.7)

(z*,u*)

1
p(t) = / A(T)dr. (4.8)
t
Since
1 t
p(t) :/ A(T)dT—/ A7) dr.
0 0
Theorem guarantees that p € X and p is differentiable. From ({4.8]),

For any function 1, integration by parts yields

[ ([v@ar)a=([ 2o ([voa)- [ ([ Foa)vaa w)
Z/Ol</tl)\T(T)dT>w(t)dt

=/0 D)9 () dt.

Setting
of

9y
ox

(z*,u*)

(8

and substituting p for A, (4.7) becomes

L (OF T L Of
/O <a_$(m*,u*)+p P %

By the fundamental lemma (Theorem [3.55)),

- (Of T OF T
== () (Gl

Similarly, set h = 0 in (4.6]) to obtain
k‘dT)) dt =0
(z*u*)

L (OF o[ [Of
/o (a—uwﬁ“ (/ u
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for every k € U. Setting
af

=5 k

(z* u*)

L /OF 7 Of )
— +pl =L kdt = 0.
/0 ( Ol ur) Ol )

From the fundamental lemma,
=0. (4.10)

(z*,u*)

in (4.9) yields

OF L Of
ko) ¥ B

(z*’u*) p 6U

Define the Hamiltonian
H:R"xR™ xR" — R,

H (z,u,p) = F (x,u) +p" f (z,u).
Then the differential equation (4.1) may be written

We have proven the following result.

Theorem 4.5 (Maximum Principle) If J achieves a local extremum at (x*,u*) subject to and
, then there exists a differentiable p € X such that

T
(z*,u*)
2)p =0,

4.1.4 Time-Varying Problems

Suppose F' or f depends explicitly on t :
1
J (z,u) :/ F (z,u,t)dt,
0

r=f(z,u,t).

The corresponding Hamiltonian is defined as
H:R"XR"xR" xR — R,

H (z,u,p,t) :F(a:,u,t)—l—pr(m,u,t).

The problem can be transformed into the time-invariant framework described in the previous section
by defining an (n + 1)th state

In other words, y (t) = t. Then we set



ﬁ(ZE,u) = F(x,u,y),

Faw=| 10 |

The Hamiltonian requires an augmented costate
~_ | P
! {q}

H (Fu,p)=F (Z,u)+p" f (7,u)
= F(z,u,9) +p" f (z,u) + ¢
= H (z,u,p,y) + q.

Then

The necessary conditions become

OH _OH

ou
q is an extraneous variable, which may be ignored. Hence, we are left with the same necessary
conditions 1)-3) as in Theorem [4.5]

=0.

(T*u*)

(z*,u*) B %

4.1.5 Calculus of Variations

A general L?-based calculus of variations can be achieved using the maximum principle. Let
1 .
J(x) :/ F(m,x,t) dt
0

z (0) = xo.

with end point constraint

In general, z € L? is not differentiable. However, we may introduce an additional variable u and
impose the differential equation

The cost function may then be rewritten

J (x,u) —/OlF(x,u,t)dt.

The Hamiltonian is
H (z,u,p,t) = F (z,u,t) + pu,
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so the necessary conditions are

. OF\"
v="\Gx)
p(1) =0,
OF T
— =0.
ox +p
Solving for p, we obtain Euler’s equation

OF _d (0F
Ol dt (%L*

OF

The appropriate conditions for L? problems with additional constraints can be derived similarly.

and boundary condition

=0.

4.1.6 State Regulation

Consider the optimal control problem with

F(z,ut)=[ 2" u” ] [Z\C?T(EZ) ]]\%[((:” [ﬂ (4.11)

f(z,u,t) =A(t)z+ B(t)u, (4.12)

In view of the structure of F' and f, the problem is referred to as linear-quadratic regulation. In
other words, the cost is quadratic and the plant is linear; minimizing J requires that we drive z
close to 0 while keeping u small. We assume () and R are symmetric.

Theorem 4.6 Suppose R > 0. Then

l]\% g}zo (>0)

if
Q—NR'NT>0 (>0)

Proof. Let

NT R 0 1

and note that M is nonsingular and

o[ 5] e[ )

VPUT — [Q—NR‘lNT 0 ]

0 R

(Sufficient) Let z € R"*™ and define
{ ! ] — (MT) 72,
w
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Then
TPy = [UT wT]MPMT[ v 1
w
=0"(Q = NRT'N") v+ w"Rw
> 0.

If @ — NR7'NT is nonsingular, then so is M PM” and, hence, P.
(Necessary) For any v € R",

v

" (Q = NR'N")v=[o" 0]MPM" { 0

E

If P is nonsingular, then so is M PM?' and, hence, Q — NR™!NT. m
In view of Theorem we assume that

R(t) >0,

Q)= NHR (N (t) =0

for every t € [0,1].
The maximum principle provides the necessary conditions:

H(z,u,p,t) =27Q ()2 + 20" N () u+u' R (t)u+p’ (A(t) 2z + B (t)u)
p=— (ZITQ + 2u' NT +pTA)T = —ATp —2Qz — 2Nu
p(1)=0
ONTz +2Ru+ BTp=0

Since R is nonsingular,

1
w=—R"! (NTx + —BTp) ,

2
T A— BRINT _%BR—lBT .
[p]:[—Z(Q—NR_lNT) —(A—BR_lN)T] |:p:|7 (4.13)
z(0) =z, p(1)=0. (4.14)

Note that equations (4.13))-(4.14)) require solving a differential equation from boundary conditions
partially specified at both end points. This is referred to as a two-point boundary value problem.

Example 4.1 Let

X
Il
o

B =

—_

b

=

=1

=
I
o

Q=

Y

We obtain
A—BRNT —iBR'BT"] [ 0 —3
_2@ _AT — )

which has state-transition matriz

®(t,7) = exp ((t —7) [ _02 _0% D = { _Czossi}fﬂ(f(t_j )T) _Eossi}rll?t(t—;;) ] '
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Then 1) h L sinh
(1 B To B cosh 1 —§Sin 1 Xo
{ ; ]_cp(l,o)[p(o)]—[_zsinm cosh 1 ] [p(O)}’
sinh 1
p(0)= 2cosh 1o

s =oeol ][ S, ][ ]

cosh 1

(1) cosh 1cosht — sinh 1sinht cosh (1 —t)
xr — Tn =
cosh 1 0 cosh 1

1 2 1 41 _1 2
* k) *2 *2 . Lo . :e T
J(a:,u)—/o (o +u?)de = (o) /Ocosh(2(1 =" ()

4.1.7 Final End Point Constraint

Zo,

Zo,

Another way to extend the basic optimal control problem is to append a final end point constraint

In order to treat such a condition in L2 we exploit equation (4.5 to write

1
x1:m0+/ f(x,u)dt.
0

Then
g: X xU— X xR"
[ x—xo— [ f(z,u)dr
g (wu) = { T — T — folf(x,u)dt ’
)
v 1 (%
19
- fo (a_i
We need to determine when (z,u) is regular.

Let A:[0,1] — R™™ and B : [0,1] — R™™ be continuous. We say that (A, B) is controllable
on [0, 1] if for every xo, 21 € R" there exists an input function u that drives the system

h+ 5L k) dr
(% ")

h+ 4 k:)dt

ou (% %)

gl (iL'*, U*) (h, ]{?) _ (z*,u*)

(z*,u*)

z = Az + Bu

from z (0) = zo to x (1) = x1. Let ® (¢, 7) be the state-transition matrix corresponding to A, and
define the controllability Gramian

t
W (t) = / ®(0,7) B () B" (1) ®" (0,7) dr.
0
Note that W (t) is symmetric, positive semidefinite for every ¢ € [0, 1].
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Theorem 4.7 The following are equivalent:

1) (A, B) is controllable on [0,1] .

2) The rows of ® (0,-) B (+) are linearly independent on [0, 1].

3) W (1) is nonsingular.

Theorem 4.8 Let A : [0,1] — R™"™ and B : [0,1] — R™™ be continuous, £ € X, and w € R™.
Then there exists x € X and uw € U such that

() — /0 (A(r) 2 (7) + B () u(r) dr = £ (1) (4.15)
for every t € [0,1] and 1
/0 (A()z (1) + B (t)u (b)) dt = w (4.16)

iff (A, B) is controllable on [0, 1].
Proof. (Sufficient) Let ® be the state-transition matriz of the time-varying linear state-space
system corresponding to A — i.e.

RUD _ A, orn=1
with ® € C*. Then . .
/A(T)(I)(T,U)dT—/ 8(I)8(T’n)d7—<1>(t,77)—[.
n n n

From controllability, there exists u € U such that

/0<1>(1,T)B(T)u(7)d7:w—/0 B(1,7)A(r)€ (7) dr.
Let

From the double integral

[ao ([ eenamem+Bwuma)i- [ (/ntAv)w,n)dT) (e Yan

we obtain
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/O AD 2 +B<t>u<t>>dt=/0 < A (s + fy @(t’fﬁt;%;ﬂ + B(r)u(r))dr) ) "

- [ e +Boum
+/0 (@ (1,7) — 1) (A(7) € (7) + B (r)u(r)) dr
:/0 O (1,7) (A(F)E(F) + B(r)u(r))dr

= w.
(Necessary) Set &€ =0 and choose any w. From , x 1s differentiable with
r = Az + Bu.

From and ,

m(1):/0 (A()z (&) + B(t)u () dt = w.

Hence, every state w is reachable from the origin at t = 1, making (A, B) controllable on [0,1]. =

Theorem 4.9 (z*,u*) € Q is regular iff

of of
02z ury Oulzs ur
is controllable on [0, 1].
Proof. Setting
of of
A B)=| = —
A5 <393 () Ou (w*,u*))

in Theorem 4.8 shows that ¢’ (z*, u*) is onto iff (A, B) is controllable on [0,1]. m
In this context, we define the inner product on X x R" to be

<{ﬂ’{i]>:<%y>+<v,w>=/ol (y"z) dt +w'v.

The critical points are those (z*, u*) € Q satisfying

L' (x*,u*, \) (b k) = J (2%, u*) — (¢’ (x*,u*), \)
B L roF oF ! of
_/O (%m%k)dt—/o A{(h—/(%

Lrof af
T —J
>\2 /; (6$ (x*,u*)k) dt

@) Ou
=0
for every h € X and k € U. Here we define the costate

p(t):/t )\1(7’)d7'+)\2.

By an analysis similar to (4.7)-(4.10]), we obtain the following form of the maximum principle.

af
h _J
(e u”) " ou

k) dT) dt
(z*,u*)
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Theorem 4.10 (Maximum Principle with Final End Point) If J achieves a local extremum at a
reqular point (x*,u*) subject to

'i; - f (x’ u) Y
x(0) =x9, z(1)=u,
then there exists a differentiable p € X such that
T

o OH
Z)p__(%(x*u*)) ’
2) o1 —0.

R

4.1.8 Minimum Control Energy

We wish to drive a linear time-invariant plant from the initial state = (0) = xy to the final state
x (1) = z; while minimizing the “control energy”

1
J (x,u) :/ uudt.
0

Thus
f(z,u) = Az + Bu,
F(z,u) =u'u,
In this case,
of of
—_— A —_—
ox T Ou
are independent of the choice of (x,u), so by Theorem either every (x,u) is regular or none is.

Regularity is equivalent to controllability of (A, B), which we assume.
The Hamiltonian is

B

H (z,u,p) = v'u+p" (Az + Bu).
From Theorem [4.10, the necessary conditions are

p=—Ap, (4.17)
2u” +p"'B =0. (4.18)
Solving (4.18) for u yields
1
u = —§BTp, (4.19)

which leads to the two-point boundary value problem

HEEE=AIH!
x(to) = 20, (1) =71

In this context, the controllability Gramian is
t
W(t) = / exp (—7A) BB exp (—7A") dr.
0
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From (LT7),

By ([#.19),

A) Bu (1) dr (4.20)

From controllability of (4, B) and Theorem [4.7, we may solve (4.20) to obtain
p(0) =2W (1) (z¢ — exp (—A) z1),

yielding
u* (t) = =BT exp (—tA") W' (1) (zo — exp (—A) z1) (4.21)

" (t) = exp (tA) xo — /Ot exp ((t —7) A) BB  exp (—7A") W' (1) (zo — exp (—A) z1) dr  (4.22)

=exp (tA) (I =W @)W (1)) 2o + exp (tA) W (£) W (1) exp (—A) 2.
Example 4.2 Let

and xr1 = 0. Then

W(t>=/0t[(1) _”
[ 15 T ]
[ % 7]
W (1)2{1622]’
w () =—=[0 1}[_1t (1)H162 i}x
=[6(2t—-1) 2(3t—2) ]

[ 1=32 4282 t 262443 .
Tt 488 1—dt+ 32 |0
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4.1.9 Terminal Manifolds

In addition to the differential equation

= f(x,u)
and initial condition
z (0) = xo,
consider a final state constraint
¢ (x (1)) =0,

where ¢ : R” — R! belongs to C2. The problem is to drive the system from x( at time ¢ = 0 to the
terminal manifold
T:{wER” ¢(w):O}.

The constraint function is

B v —x0— [ f(x,u)dr
g(@,u) = [¢(mo+f01f(x,u)dt) ]

with strict Frechet derivative

af af -
J (2u) (b, K) = [ - G+ 5yk) d ]

(8fh+afk;) dt

Theorem 4.11 (z*,u*) is a regular point of ) if (a—f

0
Oz (1)

) is controllable on [0, 1] and

(z* u* (z*,u*)
has rank [.

(1)

Proof. Let £ € X and z € R'. Since a has rank [, there exists w € R"™ such that

o
oz (1)

From Theorem there exist h, k € X such that

of,  Of N, _
h— /(8xh+a— )df_g,

ofy 4 91,
/0 (8.75 ou ) dt = w,
making ¢’ (z*,u*) onto. m

The Frechet derivative of the Lagrangian is

L’(m,u,)\)(h,k:):/o (g—ih g];k)dt—/olAf(h—/(ai aﬁ ) T)dt

99 f f
—g&ﬂmﬁ(&ﬁ+aﬁ)ﬁ

=0.
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Setting

p<t>=/t1A1 (r)dr - (%)A

integrating by parts, and applying the fundamental lemma yields

: OH T
e (%(x*m) ’ 2
O T
1) = — A 4.94
(1) (8:5(1)2*(1)) > (4.24)
oH
Tl = 0. (4.25)

Equation (4.24)) is the transversality condition, which replaces p (1) = 0 in the maximum principle.

4.1.10 Minimum Control Energy with a Terminal Manifold

Consider the problem of driving an LTI state-space system from x( at ¢ = 0 to a terminal manifold
at t = 1 with minimum control energy.

F(z,u) =u"u
f(z,u) = Az + Bu
z(0) =z, ¢(z(1)=0

The necessary conditions are
p=—A'p,

P = (5:??1) x*u))TAZ?

u* (t) = —=BTp (1) (4.26)

T T 0 !
=—-Bexp ((1—t)A") (ﬁxg(bl) I*(1)> A2,
x* (t) = exp (tA) zo + t exp((t—71)A)B —EBT exp((1—7)AT)p(1) | dr (4.27)
O 2

= exp (tA) <:c0 — %W (t) exp (AT) (af?l)ll*(l)) >\2> ,
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(1) = exp (4) (fo - %W (1) exp (A7) (65?1)

T

) %)
* (1)

T

) )\2 :O
(1)

x* and u* are obtained by solving

o (exp (A) <:1:0 — %W (1) exp (AT) (85(?1)

for Ao and substituting the result into (4.26) and (4.27)). Then

Example 4.3 As in Ezample[].3, let

0 1 0
=[5o] o-[3]
Instead of a final state constraint, consider the terminal manifold
¢ (x(1)) =21 (1).

In other words, we wish to drive the system from x (0) = xy to the xy-axis with minimum control
energy.

)= g 1|

|
O =
— =
1
VR
8

o

|
NN
|
|OJI>—l
N |

—_ |
N | =
||
—
— =
)
- =

“Loafer )
)\2:6[1 1]1’0,

en=[3 4] (s[5 F (Y] [3) 0 0m)

342 143 342 143
1—5154;’5215 A L P
3t 32 1-3t+ 3t

u(t)=-3[0 1][1; ?Hé}p 1]zg=3(0t—-1)[1 1],
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4.1.11 Terminal Cost

Up to this point, we have imposed a “hard constraint” on the final state z (1), consisting of a
point or terminal manifold where we require = (1) to reside. An alternative is to consider a “soft
constraint”, where final distance from a manifold is penalized but not required to be 0. This is
accomplished by adding a terminal cost to the cost functional:

1
J(z,u) =T (x(1)) +/ F (z,u)dt
0
We assume that 7' € C?. The constraint function is simply

g (z,u) :x—xo—/f(x,u)dT.

From Theorem every (z,u) € Q is regular. Noting that

z (1) :xg—l—/o f(x,u)dt,

the Lagrangian is

L(z,u,\) (h, k) =T (x (1)) + /0 F(z,u)dt — \'g(2,u)

1 1
=T d F Mz =2y — d d
<x0+/0 f(z,u) t>+/0 ( (x,u) (a: xg /f(x,u) 7')> t

with derivative

. . or ['(of, of L/7oF  OF ! af  of

Defining the costate
po= [ At (5205)

integrating by parts, and applying the fundamental lemma yields the conditions
A
p - ax I

p(1)= <63{1>)T
OH

Ou

0.
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4.1.12 Minimum Control Energy with Terminal Cost

Let
F(z,u) = u'u,

f(z,u) = Az + Bu,
T(zx(1)=a"(1)x(1).

The Hamiltonian is
H (z,u,p) = v'u+ p" (Az + Bu).

The necessary conditions are

r = Az + Bu
z(0) = xo, (4.28)
p=—ATp, (4.29)
p(1l) =2x(1) (4.30)
2u” +p'B =0.
Then -
U= —§B P,

from which we obtain the two-point boundary value problem

HEEEAH

with boundary conditions (4.28) and (4.30).

Solving yields
p(t)=exp((1—t)AT)p(1) =2exp (1 —t) AT) z(1). (4.31)
As always,
x(t) = exp (tA) xo + /0 exp ((t — 1) A) Bu(r)dr (4.32)

= exp (tA) xg — %/Ot exp ((t —7) A) BBTp (1) dr
= exp (tA) xo — /Ot exp((t—7)A)BBTexp (1 —7)A") z (1) dr
= exp (tA) (zo — W () exp (A7) z (1)) .

Hence,
z (1) = exp (A) (zg — W (1) exp (A7) z (1)) . (4.33)

Since W (1) is symmetric, positive definite, so is I + exp (A) W (1) exp (AT) . From (4.33)),

exp (A") z (1) = exp (A") (I +exp (A) W (1) exp (AT))_1 exp (A) xo
= (exp (—A") exp (—A) + W (1))_1 T
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From (4.32),

7 (1) = exp (tA) (1 — W (#) (exp (—A) exp (—AT) + W (1))‘1) Zo.

From (4.31)),
u' (t) = =BT exp (1 —1) A") z (1)
= —BTexp (—tA") (exp (—A) exp (—A”) + W (1)) zq.

8] e

Example 4.4 Let

As in Example[3.5

Hence,

oo - (3 7114 2] [ F) - a3 8]

1
2

=t t] (1oL £ D24 18 _ L [29-9 4 4% 20— 1487+ 38 ]
T 00 20| £ ¢ |18 28])" T 29| —18t+1262 2928t +92 |1
. 1 0][24 18 1
u(t)_—E[o 1}{_75 1H18 28]1-0_5[—18%475 —28 + 18t | .

4.1.13 Second Derivatives

For state regulation (4.11))-(4.12)), we may perform second derivative analysis. From Theorems

and [3.24, e m —o [T 1] QO N@OT[R]
@) (k) =2 | [0 R[]

& (r.u) =0
From Theorems and
Q) ~N@®R )N () >0

for every t € [0,1] implies that J achieves a strict constrained local minimum at every solution of
the necessary conditions.
For minimum control energy with a final end point,

1
J" (z,u) (h, k) = / k* Rkdt,
0
9" (z,u) =0,
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L' (x,u, \) = J" (z,u).

From Theorem [3.57, part 3), J has a strict constrained local minimum at (z*,u*) as given by

[2D)-(2).

For minimum control energy with a terminal manifold, ¢” (x,u) can only be calculated if [ = 1.
In this case,

1
J" (x,u) (h, k) :/ kT Rkdt,

0

g" (z,u) (h, k) = (/01 (Ah + Bk) dt)T afzb)Q /01 (Ah + Bk)dt,
L (2,0, \) (h, k) = /0 TRk — ( /0 (A -+ BR) dt) ' afsz /0 C(Ah+ BE)

which may not be positive definite. In Example [4.3]

/Ol(AthBkz)dt:/ol({g é]hﬁL[(l)]k)dt:/Ol[%]dt,
L”(x,u,A)(h,k):/Oledt—(12[1 1 ] ) (/;{%PQT% 8]/01“5}&

1 1 2
= / ]{;2dt — 12 ([L’Ol + .I'OQ) (/ hgdt) .
0 0

Taking k = hy = 0 and hy # 0 yields L” (x,u, \) = 0, so the second derivative is not positive definite
for any .
For minimum control energy with terminal cost,

T
J" (z,u) (h, k) =2 (/01 (Ah + Bk) dt> Q /01 (Ah + BE) dt + /01 kT Rkdt,

9" (x,u) =0,
L' (x,u, \) = J" (z,u).
Let
h(t) =sin2nt, k=0.
Then

1
1
Ihoyls= [ n0yae =5,
0

/Olh(t)dt:O,

1 T 1
L" (z,u, \) (h,0) = 2 (/ hdt) ATQA/ hdt = 0 # ¢ ||(h,0)|
0 0

for any € > 0. Hence, the second derivative is not positive definite.
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4.1.14 Pointwise Inequality Constraints

Consider a constraint function
g: X xU-=Y,

where Y = L? functions y : [0,1] — R. For y € Y, we write y > 0 if y (¢t) > 0 for every t. We may
wish to consider constraints of the form

g (z,u) > 0.

Equivalently,
g (z,u)(t) >0

for every t. Since the inequality is applied at every t, it is said to be a pointwise constraint. Similarly,
we write y > 0 if y (¢) > 0 for every ¢. In this case, we obtain the pointwise constraint

g (@, u) (t) = 0.

Since the constraint consists of inequalities, an extension of the Kuhn-Tucker theorem is called
for. Unfortunately, this approach is often not tractable using classical variational methods. One
can at least glimpse the difficulties involved by considering the “first orthant”

Y*z{y€Y|y>0}.
In finite dimensions, Y* is an open set. However, in L? this no longer the case.
Theorem 4.12 Y is not open.

Proof. The point y = 1 obviously belongs to Y. Let

-1 <t < gt
h(t):{ -, 0<t<e

0, else
Then
1 et 1
HhHQ_/ tht_/ —dt = €%,
0 o €
SO
y+he B(y,e)

for e < 1. But .
y(t)+h(t):1—g<0

for 0 < ¢t < ¢*. Hence,
B(y,e) ¢ Y*

foranye<1. m

It can be further proven that Y+ contains no ball B (y,¢) for any y and e. For this and other
technical reasons, inequality constraints require a non-classical theory. Such a theory was provided
by the Russian mathematician Pontryagin in 1956.

4.2 The Pontryagin Maximum Principle

Reference: Pontryagin, Chapter 1
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4.2.1 Background

The Pontryagin Maximum Principle (PMP) extends the optimal control theory obtained through
Lagrange multipliers, allowing for pointwise inequality constraints. The approach maintains the
basic structure of the necessary conditions as previously stated, but with additional generality.
Pontryagin formulated his theory to handle optimal control problems with variable terminal time.
Hence, the theory is not based on normed linear spaces, and so does not address local extrema.

We say a function u : [0,t1] — R™ is piecewise continuous if there exist finitely many points
0 =7 < ... < 7 = t; such that u is continuous on each interval [r;,7;,1] and both limits
limHTj u (t) and 1imHT; u (t) exist. That is, u has a jump discontinuity at each 7;. We denote the
set of all such functions (with ¢; variable) as PC°. We say a function z : [0,¢;] — R" is piecewise
C' if z is continuous on [0, ;] and there exist finitely many points 0 = 74 < ... < 7, = t; such
that z is C'! on each [7;, 7;41] . We denote the set of all such functions as PC'. Since t; is variable,
neither PC* nor PCV is a vector space.

4.2.2 Differential Equations

We must examine the nature of differential equations
= f(v,u) (4.34)
for x € PC! and u € PC°.

Theorem 4.13 If f € C', then for every xo € R" and u € PC° with u : [0,t;] — R™ there exists
ty € (0,t1] and x € PCY with x : [0,t5] — R™ such that

1) £ (0) = xo,

2) the points of non-differentiability of x are points of discontinuity of u,

8)x(t)=f(x(t),u(t) for all t where x is differentiable.

If y : [0,t3] — R™ is another such function, then y (t) = x (t) for every t € [0, min {ts,t3}].

Proof. Athans and Falb, Theorem 3-14 =
Unfortunately, it may happen that t5 < ¢;.

Example 4.5 Let u:[0,2] — R, o = 1, and

f(z,u) = 2°.

By separation of variables,

x(t):%_t.

Since x (t) — 0o ast — 17, x can only be defined on [0, 1].

4.2.3 PMP with Fixed End Points

In the most elementary version of PMP, we are given xy,r; € R and an arbitrary set V' C R™.
The constraint set € is the set of pairs (z,u) € PC' x PC? satisfying

1) z:]0,t1] = R" and u : [0,¢;] — R™,
2) 2 (0) = xo,
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3) x(t1) =z,
4) u(t) € V for every t € [0,t4],
) =

5) = (t

f(z(t),u(t)) for every t where x is differentiable.

The problem is to find the constrained global extrema of the cost

t1
J (z,u) :/ F (z,u)dt
0
subject to 2. Define the Hamiltonian
H:R"xR"™ xR xR" — R,
H (w1, 1,p) = piF (2,0) + " f (2,)

Theorem 4.14 (PMP with End Points) If J achieves a global minimum at (z*,u*) subject to €2,
then there exist p € R and p € PC' with p : [0,t]] — R™ (not both 0) such that

T
(2*u*)
2) 1 <0,

3) H (27 (1), u (8), pop (1)) = max H (a7 (t) ,w, p,p (8)) = 0 for every t € [0,¢7].

Proof. Pontryagin, Chapter II m

We note a couple of similarities between the Maximum Principle obtained from Lagrange mul-
tipliers and PMP: Necessary condition 1) is exactly the same. If V' = R™, then condition 3) implies
%—Z = 0, taking us back to the classical setting. Also, condition 2) is reminiscent of the sign of A
in the Kuhn-Tucker theorem. This is reasonable, since the constraint u (¢) € V' is often specified as
a non-strict inequality. The extra multiplier x may be 0. If u # 0, we say that (z*,u*) is regular.

The fact that the Hamiltonian vanishes along the optimal solution is unique to PMP.

4.2.4 Time Optimal Control

A time optimal control problem is one with ¢; variable and F' (z,u) = 1 for every x € PC' and
u € PCP. Then

t1
J (z,u) :/ 1dt = ty,
0

H (z,u, p,p) = p+p" f (z,u) .

Without any further constraint on u (¢), the differential equation would typically admit
solutions = with x (t;) = =y for arbitrarily small ¢;. This would result in u approximating an
impulse, which in most applications is unnaceptable. Hence, it is customary to impose a bound on
the input u (t) € V for some appropriate set V.

For fixed end points, Theorem gives necessary conditions

()
p=—\ 5 b,
("'E*7u*)

ox
p'f (@7 u") = maxp' f (2%, w) = —p > 0.
we

p = 0 is not allowed, since this would require p = 0 as well.
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4.2.5 Time Optimal Control of an LTI Plant

When
f(z,u) = Az + Bu

for constant A and B, we can be more specific about time optimal solutions. Here the necessary
conditions become
p=—A'p,
p <0,
p! Bu* = ma&cpTBw = —pu—pl Az
we
We may solve
p(t) = exp (—tA") p(0).
Assume V' is a polyhedron

Vz{wewﬂaéwﬁﬁ}

for some «, f € R™ with a < 3. Writing

Ui
[ b1 b, ] = B, = u,
um
we obtain
m m
T * Ty b — Ty .
p Bu* = rilefct‘;(zlp bw; > aigﬁ}éﬂip biw. (4.35)
1= 1=

Theorem 4.15 If (A, b;) is controllable for every i, then the set

ST = {t c [0,#5] | p* (t)b; = 0 for some z}

18 finite.

Proof. Pontryagin, Chapter III, Theorem 9 m
Applying Theorem to (4.35]), the optimal control is given by

T
w0 = {0 NS0 = (kA (- a)ssn (7 (08).
The members of ST are called switching times. Since x is obtained through a convolution (i.e.
integration) involving u, the values u (t) for ¢t € ST are not relevant. In some problems, the number
of switchings may be large. However, we can bound this number for certain plants.

Theorem 4.16 If (A, b;) is controllable for every i and the eigenvalues of A are all real, then ST
contains at most n — 1 elements.

Proof. Pontryagin, Chapter III, Theorem 10 m

For LTT plants, the questions of existence and uniqueness of the optimal control can be answered
in the affirmative.
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Theorem 4.17 If (A,b;) is controllable for every i, then there exists a unique u* that drives the
system from xy at t =ty to x1 in minimum time.

Proof. Pontryagin, Chapter III, Theorems 11 and 13. m
Note that Theorem does not state that there is only one solution (z,u,u,p) of 1)-3) in
PMP, but merely that there is only one solution of 1)-3) that minimizes t;.

Example 4.6 (Discharging a Capacitor) Find a control u* that drives the system
T=—-7+u

from xog at t =0 to xy = 0 in minimum time subject to |u (t)| < 1.
Theorem [4.16 implies that there are n — 1 = 0 switchings. Hence,

ut =41,
Solving for x,
t
o (t) = e twg + u*/ e dr = e lwg +ut (1—e).
0

In order to drive the system to x1 = 0, we need

*

u* = —sgn (z9),

x*(t]) = e iz, — sgn (20) (1 — e_tT) =0,

G_t,f <]. -+ 1o ) = 17
sgn (o)

t7=1n(1+ |zo]) .

Example 4.7 Drive the system

0 1 0
=loa) #-[1]
from xq to 0 in minimum time subject to |u (t)| < 1.
From Theorem[{.16], there can be at most n — 1 =1 switching. The differential equations are

i’l = T2
1.32 =Uu= :l:l,
S0 g
T1
— =tz
diUQ 2
By separation of variables,
/d!El = :l:/ZEQd[EQ,
2
x
T = j:E2 +a
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Optimal solutions can be worked out in specific cases. For example, let

we]0)

Switching occurs at

1, 1
Ts1 EISQ + §a
1
Ts1 = §$527
or
1
Ts = [ _41 :|
7

For z (ty) = xy,

x(t) = {(1) t]ﬂ {282% ]i/t: [(1] t—lf] [HdT: l:cl(tg)+x;2(fgo))(i—(tto_)i)%(t_t(])z
(4.36)

Setting to =0, t =t,, and u = —1,

Forty =ts,x(ty) = x5, t =t5, and u =1,

i) = | Tt TR —t) 3]
1 [E32—|—t>{—ts

=142,

L
(1) = -1, 0<t<1+ﬁ '
L 1+ <t<1+v2

Y
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4.2.6 Terminal Manifolds

There is a version of PMP for terminal manifolds. Let ¢g, ¢; : R* — R! be C! functions and

n:{weRn@@mzo}

To ensure regularity, we assume
ox
for every w € R™. In this case, the constraint set 2 is the set of pairs (x,u) € PC' x PC? satisfying

=1

rank

:[0,t1] = R" and w : [0,¢1] — R™,

Theorem 4.18 (PMP with Terminal Manifolds) If J achieves a global minimum at (x*,u*) subject
to Q, then there exist u € R and p € PC* with p : [0,#] — R" (not both 0) such that

. T
Up:_(%_g(* *)) ’
2) <0, |

3) H (z* (), u” (t), 1, p (1)) = max H (2" () ,w, p,p (t)) =0 for every t € [0,4]],
Uﬁ%ﬁm

991
(933(251) N (ti‘)

w=0=p’(0)
)
t

w =0,
Hw=0.

w=0=p"(

Proof. Pontryagin, Chapter II m
The terminal manifold version of PMP reduces to the fixed end point version by setting

oo (W) = w — xo, (4.37)

¢1 (w) = w — ;. (4.38)
If one end point is fixed and the other specified to lie in a manifold, then Theorem [4.1§| can be
applied by using either (4.37)) or (4.38). Conditions 4) and 5) are transversality conditions. The null
space Ker % is the plane tangent to Ty at = (0) . Hence, condition 4) states that p (¢) is orthogonal
to the tangent plane at z* (0) . The same holds for condition 5).

For LTI time-optimal problems, one can show that Theorems [4.15], .16, and [£.17] carry over to
terminal manifolds.

Example 4.8 Drive the system

from xq to



in minimum time subject to |u (t)| < 1.
As in Ezample[4.7], u* = £1 with at most one switching. The transversality condition states

[1 0]Jw=0=[pi () p2(t}) Jw=0

or
p2(t7) =0
From PMP,
p=—A"p,
p(t) = e(ti‘ft)ATp(tD _ { t’lﬁl_t (1) } [pl(()tl) ] _ { t*l‘l—t ] p (£7).
Hence,

u* (t) =sgn (p" (1) B) =sgn ((t; —t) p1 (7)),

so there is no switching.
As in Example the solution x is restricted to curves

2
T
xlzié—i-a.

FEach xy corresponds to exactly one path to T without switching, except when either

2

s

0<o <=2
1="19

or
2

Ty
——= <1 <0.
5 =11

In these cases, two paths to T are possible without switching:
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Since r9 = £1, the curve with the smallest vertical change is time-optimal. In the first case, one

can show that this corresponds to u = —1. In the second case, u = +1. Hence, for every xy the
optimal control is
* _ _17 ZTo1 > 0
“ (t)_{ +1, 91 <0 '

The optimal trajectories are shown below:

&

o

{

For example, let

Then u* = —1, and yields

Setting 7 (t7) = 0 implies

1
1+t—=t*=0
-3 :

tr=1++/3,

4.3 State Feedback Implementation
4.3.1 Background and Examples

Thus far, the solution of an optimal control problem has been described as a pair (z*,u*) which
minimizes the cost functional and satisfies all the given constraints, including a differential equation.
This is called an “open loop” solution. The problem with open loop control is that it is sensitive
to errors in the system model.

The alternative is to develop a “closed-loop” optimal solution. This requires a pair of observa-
tions. First, suppose we solve the original problem with all its constraints, but with arbitrary initial
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time and state x (ty) = xo. In principle, this yields a solution (x* (o, to;t) , u* (o, to;t)) for every
xo and tg. (Note that this is different from an initial manifold problem, since each choice of (zy, to)
yields a different (z*,u*).) Second, along any such optimal solution (z*,u*), we may choose any
T > to and think of the control process as beginning at initial state x* (zg,tp; 7) and initial time
7. In other words, the current state and time may be viewed as the initial state and initial time
for the remainder of the process. Obviously, the process must minimize J from time 7 onward. In
symbols,
u* (2" (wo,to;7),T;t) = u* (o, to; t)

for any t > 7. This is called the principle of optimality. Let

v(z,7) = lim u* (x,7;t).

t—rt

Along any optimal solution,

v(x* (zo, to;T),T) = tlil;‘i u* (2" (wo, to;7),73t) = tl—l>I£" u* (zg, to;t) = u* (xo, to; 7).

Hence, the optimal control is implemented by the “feedback law”
u* (t) = v (x,t).
In some cases, v is independent of ¢, so we write v ().
Example 4.9 Returning to Example[4.7, regardless of xo and to, the optimal control is given by

1
u* (t) _ +]., xr1 > —?1’2 |ZE2|
-1, 1 < —5T2 |ZE2|

Hence,

1
U(l’) _ { +1, x> —5%2 ’$2’

—1, T < —%I‘Q ’132|

Example 4.10 Consider the linear, time optimal problem with

a=[ 58] s=[0].

V' [=1,1], and the end point constraint x (t;) = 0. The system is controllable through its single
input, so Theorem[{.17 guarantees that a unique optimal control u* exists. The function u* must be
piecewise constant, taking on only the extreme values £1. However, the characteristic polynomaial is

A(s):det{i _Sl}:SQle,

yielding imaginary eigenvalues, so Theorem [{.15 does not apply. Theorem [{.16 merely guarantees
finitely many switchings from any xo and to.

Tr1 = T2

fgz—l’lil
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dts

iUl:Fl
T2

d!L’l

/(:l:l — xl)dﬂfl = /.’L‘Qd$2

:I:.I’l —

1—c¢
2

1 1

(r1 F1)’+a22=c>0.

The possible optimal solutions are circles centered at u = +1 :

Kq

The state equations may be solved for uw = +1:

CcOS t—to
—sin t—to

CoS t—to
—sin t—to

zzzéi:iz% e [ Mar
] [ 9

This indicates that motion around each circle is uniform with angular velocity

From ,

0= —1.

u* (t) = sgn (p” (t) B) = sgn (ps (1)) .

From

p = _ATp7
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we obtain ( ) ( )
cos (t — tg sin (t — to
—sin (t — tg) cos(t — tp) p(0),

pa(t) = [ —sin(t —ty) cos(t—to) | p(0).
Note that py is a sinusoid with period 2m. Hence, py changes sign every m units of t, so u* is a

square wave with period 2m. Under these rules, the only possible path from xy to 0 is governed by
the switching curve shown:

p(t) = e 4 p(0) =

Ky
nenl
Y
Wat |

W=l

A typical optimal solution is also depicted:

4.3.2 State Regulation with Feedback
As in Section [4.1.6] the state regulation problem

r=At)x+B{t)u, x(t) =m0

has open-loop solution



obtained by solving the two-point boundary value problem
r| A— BRINT —%BR‘lBT x
[p ] B { —2(Q — NR™'NT) —(A—BR'N)" ] {p ] ’
z(tg) =z, p(1)=0.
Consider the Riccati matriz differential equation
K+K(A—BR'N")+(A-BR'N")' K = KBR'B"K +Q — NR"'N" =0

with boundary condition
K (1) =0, (4.39)
where K : [tg, 1] — R™ ™.

Theorem 4.19 If A, B, Q, N, and R are continuous functions of t, then the Riccati equation has
a unique solution K satisfying ({4-39). Furthermore, K € C*. If Q (t) and R (t) are symmetric and

R(t) >0,
Qt)~NHR )N (1) >0
for every t € [to, 1], then K (t) is symmetric, positive semidefinite for every t.

Suppose we solve the Riccati equation and the state equation
&= (A _BRY(KB + N)T> z, x(t) =0 (4.40)

and set
p=2Kzx.

Then

T [ T
[p] | 2Kz + 2K
A—BR Y (KB+N)"
oK + 2K (A—BR—l (KB+N)T> ]x

A—BRNT ~1BR1BT I

~ | —2(Q - NR'NT) —(A-BR'NT)" } { 2K ] !
A—BR'NT ~1BR'B" v

~ | —2(Q - NR'NT) —(A-BR'NT)" } { P }

Hence, solving (4.40) yields z* and

1
ut =R (NT:E* + 5BTp) — —R Y (KB+N)"z".

The feedback law is
v(@,7) = lim (—R’l (t) (K () B(t) + N (1)) :c) (4.41)

=-RY'7)(K(r)B(1)+ N (T))T x.
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Theorem 4.20 The feedback law minimizes J with cost
J (2%, u*) = 28 K (to) x0.

Example 4.11 Minimize

J(az:,u):/1 (2® +u?) dt

to

subject to

The Riccati equation is
K—-K?*+1=0,

By separation of variables,

1
/Kz—ldK:t—i—a.

Since K is continuous, the integral exists with K (1) =0 iff |K| < 1. In this case,

1
—In =t+a,
2 1+ K
62(t+a)_1
K(t)_ m:—tanh(t—l—a).

From the boundary condition,
K (1) = —tanh (1 +a) =0,

soa=—1,
K (t) =tanh (1 —1),

v(z,t) = —xtanh (1 — 1),
J (z*,u*) = xi tanh (1 —tg) .
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